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Syntax and semantics

e, f ∈ EX ::= 1 | 0 | x | e · f | e + f | e+ | e ∩ f | e

Expressions

Given σ : X → P (Σ?) we can define J−K : EX → P (Σ?):

J1K := {ε} J0K := ∅
JxK := σ (x) Je · f K := JeK · Jf K

Je + f K := JeK ∪ Jf K Je+K := JeK+ =
⋃
n>0

JeKn

Je ∩ f K := JeK ∩ Jf K JeK := JeK = {u | u ∈ L}

(Mirror image a.k.a. reverse: abc = cba.)

Interpretations
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Universal laws

e, f ∈ EX are equivalent iff ∀σ, JeK = Jf K.

Lang |= e = f

This relation is decidable and ExpSpace-complete.

PB, “Reversible Kleene Lattices”, MFCS 2017

Can we find a “good” set of axioms that is sound and

complete for language algebra?

Ax ` e = f Lang |= e = f

Ax ` e = f Lang |= e = f

e ≡ f e ' f

soundness
========⇒
⇐========
completeness
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Identity-free Kleene Lattices
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Identity-free Kleene Lattices

Distributive Lattice

e + f = f + e (1)
e + (f + g) = (e + f ) + g (2)

e + 0 = e (3)
e ∩ f = f ∩ e (4)
e ∩ e = e (5)

e ∩ (f ∩ g) = (e ∩ f ) ∩ g (6)
(e + f ) ∩ g = e ∩ g + f ∩ g (7)
(e ∩ f ) + e = e (8)

Concatenation & iteration

e · (f · g) = (e · f ) · g (9)
e · 0 = 0 = 0 · e (10)

(e + f ) · g = e · g + f · g (11)
e · (f + g) = e · f + e · g (12)

e+ = e + e · e+ (13)
e+ = e + e+ · e (14)

e · f + f = f ⇒ e+ · f + f = f (15)
f · e + f = f ⇒ f · e+ + f = f (16)
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Identity-free Kleene Lattices

e ≡ f Rel |= e = fDoumane & Pous 2018⇐=============⇒

Lang |= e = fAndréka, Mikulás, & Németi 2011⇐===================⇒
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Reverse

Rel |= e = f 6⇔ Lang |= e = f .

In particular:

Rel |= a ≤ a · a · a
Lang 6|= a ≤ a · a · a.

Warning!

e = e (17)

e + f = e + f (18)

e · f = f · e (19)

e ∩ f = e ∩ f (20)

e+ = e+ (21)
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Reverse

e 7→ e′

0 7→ 0 e 7→ e

e ∪ f 7→ e ∪ f e ∩ f 7→ e ∩ f

e · f 7→ f · e e+ 7→ e+

Rewrite system

e′ is a term without over alphabet X ′ := X ∪ {x | x ∈ X }.

Lang |= e = f

Lang |= e′ = f ′

e ≡ f

e′ ≡ f ′

m

⇔

m

⇔

Theorem
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New axioms

1 · e = e = e · 1 (22)
1 ∩ (e · f ) = 1 ∩ (e ∩ f ) (23)

1 ∩ e = 1 ∩ e (24)
(1 ∩ e) · f = f · (1 ∩ e) (25)

((1 ∩ e) · f ) ∩ g = (1 ∩ e) · (f ∩ g) (26)
(g + (1 ∩ e) · f )+ = g+ + (1 ∩ e) · (g + f )+ (27)

e ≡ f ⇒ e ' f .

Soundness
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Step I - Normal forms

e ≡
∑
i

(1 ∩ Ai ) · ei

where

Ai are intersections of variables;

ei are either exactly 1 or 1-free;

e . f
?

=⇒ e 5 f

reduces to

(1 ∩ Ai ) · ei . f
?

=⇒ (1 ∩ Ai ) · ei 5 f
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Step II - Removing tests on the left

Given A ⊆ X and a term f , we define 〈f 〉A by substituting

every a ∈ A with 1 + a in f .

(1 ∩ A) · 〈f 〉A 5 f 5 〈f 〉A.

Lemma

(1 ∩ A) · e . f ⇒ e . 〈f 〉A

Lemma
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Step III - Removing tests on the right

By magic, we can get from a term f a 1-free term [f ] such

that:

1) [f ] 5 f ;

2) for any 1-free e , if e . f , then e . [f ].

Lemma

Paul Brunet 14/16



Main result

Assume (1 ∩ A) · e . f , with e a 1-free term;

⇒ e . 〈f 〉A
⇒ e . [〈f 〉A]

⇒ e 5 [〈f 〉A]

⇒ e 5 [〈f 〉A] 5 〈f 〉A
⇒ (1 ∩ A) · e 5 (1 ∩ A) · 〈f 〉A
⇒ (1 ∩ A) · e 5 (1 ∩ A) · 〈f 〉A 5 f

e ≡ f ⇔ e ' f .

Theorem
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That’s all folks!

Thank you!

See more at:

http://paul.brunet-zamansky.fr

Paul Brunet 16/16

http://paul.brunet-zamansky.fr

