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SYNTAX AND SEMANTICS

Expressions

e,f EExu=1]0| x| e-f | e+f | et | enf | &

Interpretations |
Given g : X = P (X*) we can define [—] : Ex — P (T*):

[1] = {e} [o] = 0
[x] = o (x) [e- f] = [e] - [f]
[e + f] = [e] U [f] [e*] = [el* = | Jle]"
n>0
[en f] = [e] N [f] [[E]]::H:{H\UEL}

(Mirror imaae aka. reverse: abc = cba)
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UNIVERSAL LAWS

Lang =e=f
e,f € Ex are equivalent iff Vo, [e] = [f].

This relation is decidaple and ExpSpace-complete.
’PB, ‘Reversigle Kleene Lattices", MECS 2011 ‘

Can we find 8 "@o0od"” set of axioms that is sound and
complete for language alaerra?

soundness

Axke="f Pl lana Ee=f

completeness
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IDENTITY-FREE KLEENE LA

Paul Brunet

CES

Completeness for ldentity-free Kleene Lattices

Amina Doumane

Univ Lyon, CNRS, ENS de Lyon, UCB Lyon 1, LIP, Lyon, France
amina.doumane@ens-lyon.fr

Damien Pous

Univ Lyon, CNRS, ENS de Lyon, UCB Lyon 1, LIP, Lyon, France
damien. pou yon.fr

—— Abstract

‘We provide a finite set of axioms for identity-free Kleene lattices, w

complete for the equational theory of their relational models. Our proof buil

ness theorem for Kleene algebra, and on a novel automata construction that ma
extract axiomatic proofs using a Kleene-like algorithm.

ch we prove sound and
n the complete-
s it possible to
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IDENTITY-FREE KLEENE | ATTICES

Distrirutive Lattice

e+f=~f+e (1)
e+ (f+g)=(e+f)+g (2)
et+0=e (3)
enNf=fNe (4)
eNe=e @)
en(fng)=(enf)ng (6)
(e+f)nNg=eng—+fng (7)
(enf)+e=e (8)

Paul Brunet

Concatenation < iteration

e-(f-g)=(e-f)-g (9
e-0=0=0-¢ (10
(e+f)-g=e-g+f-g (11
e-(f+g)=e-f+e-g (12
ef=ete-e (13
ef=et+et e (14
frf=Ff=e"-f+f=Ff (15
(

)
)
)
)
)
)
e- )
f-etf=Ff=Ff-et+f=1f (16)
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IDENTITY-FREE KLEENE LA

ICES

Completeness for Identity-free Kleene Lattices
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REVERSE

Warning!

In particular:

RelFe=fs#lanaEe=".

w Rel=a<a-a-a
w lang Fa<a-3-a

Paul Brunet
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REVERSE

Warning!

RelFe=fs#lanaEe=".
In particular:
w Rel=a<a-a-a
w lang Fa<a-3-a

e=e %))
SAL — (18)
e-f=f-¢ (19)
eNnf=enf (20)
et =¢g" (21)
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REVERSE

| R ewrite system i

ol
o
ol|

}_>
eUf —
f—

*n\ ol
ol
()

e’ is a term without - over alphaget X' = X U{X | x € X }.

Theorem
e=f lana =e=f

e =f Lang e’ =f'
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NEW AXIOMS

l-e=e=e-1 (22)
In(e-f)=1Nn(enf) (23)
lne=1ne (24)
(Ine)-f=7f-(1ne) (25)
(1ne)-Alng=(1ne)-(fNg) (26)
(e+(1ne)-fif=g"+(1ne)-(g+1)" (27)
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STEP | - NORMAL FORMS
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1
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STEP | - NORMAL FORMS

GEZ(IQA;)'G;

1
where
- A; are intersections of variagles;
¢ are either exactly 1 or 1-free;

?
eSf=esf

reduces to

(1NA) e <f=>(1NA)-e<f
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Given A C X and a term f, we define (f)a By susstituting
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STEP [l - REMOVING TESTS ON THE RIGHT

By maaic, we can cet from a term f a 1-free term [f] such
that:

Lemma
n[f1SF

2 for any 1-free e, if e < f, then e < [f]

Paul Brunet 4/
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Theorem
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THATS ALL FOLKS!

Thank you!

See more at:
http://paul.brunet-zamansky.fr
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