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Abstract. The formal analysis of automated systems is an important
and growing industry. This activity routinely requires new verification
frameworks to be developed to tackle new programming features, or
new considerations (bugs of interest). Often, one particular property can
prove frustrating to establish: completeness of the logic with respect to
the semantics. In this paper, we try and make such developments eas-
ier, with a particular attention on completeness. Towards that aim, we
propose a formal (meta-)model of software analysis systems (SAS), the
eponymous Representations. This model requires few assumptions on the
SAS being modeled, and as such is able to capture a large class of such
systems. We then show how our approach can be fruitful, both to un-
derstand how existing completeness proofs can be structured, and to
leverage this structure to build new systems and prove their complete-
ness.

Keywords: Logics · Semantics · Algebra.

1 Introduction

As automated systems are given more numerous and varied tasks, so do formal
analysis questions grow in importance and diversity. When in still recent times
the field was dominated by the study of critical systems and their potential fail-
ures, we see nowadays questions related to e.g. quality of service being tackled by
formal analysis. Here both theory and practice agree: new questions require new
systems of analysis. Indeed, theorems like [15, 6] can be interpreted as suggesting
that any formal system has either limited expressivity or intractable algorith-
mic properties. And so, new SAS (software analysis systems) are being routinely
defined and studied.

We consider that the essence of such a sytem is given by a semantic relation,
together with a logic of some sort to reason on programs. The correctness of
such a system hinges on two properties: soundness and completeness. Soundness
states that any valid jugment in the logic is satisfied by the semantics. Com-
pleteness on the other hand requires that any semantically sound judgment can
be established by the logic. It is no surprise then that completeness is usually the
difficult bit in correctness proofs: while soundness can be established by checking
the soundness of individual rules of the logic, completeness asks the prover to
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produce a derivation for every true semantic fact, for which no general method
seems applicable.

Our approach builds on category theory and relation algebra to provide a
point-free theory of representations. We recall relevant elements of relation al-
gebra in section 2. This allows for proofs that use few assumptions, and con-
structions that proceed in a modular fashion. Concretely, we define in section 3
a representation to be a structure

R = ⟨T,E, |=,≤⟩

where T and E are abstract sets, modelling respectively the semantic and syn-
tactic domain of a SAS. |= is a binary relation, linking semantic elements to
syntactic elements, i.e. a subset of T × E. The final ingredient is a preorder ≤
over E, modelling the valid derivations in the logic of the SAS under consider-
ation. To formulate soundness and completeness of a representation structure,
we turn to relation algebra:

|= ; ≤ _ |= (1)
|= \ |= _ ≤ (2)

Axiom (1) models soundness: translated as a first-order (F.O.) sentence, it states
that whenever we have t |= e and e ≤ f , we also have t |= f . This means that
whenever the logic derives e ≤ f , every element in the semantic interpretation
of e is also in the semantic interpretation of f . Conversely, axiom (2) states
completeness: two elements e, f ∈ E are related by the left-hand side of the
entailment iff for every t ∈ T , t |= e implies t |= f . The right-hand side of
the axiom then deduces from that fact that e ≤ f . This accurately models the
requirement that any true semantic inclusion is derivable in the logic.

Having set up this model, we may then try and study the theory of repre-
sentations to derive results about SAS. The contributions of this paper can be
described in this light as follows:

– In the remainder of section 3, we study the transformations between repre-
sentations. We define a category of representations, with a notion of homo-
morphism between representations. We show this category to be cartesian
and consider the properties of the product. We then look at proof techniques
to establish completeness. We propose a deductively complete template for
such proofs, and show how several proofs from the literature can be cast as
instances of our template.

– In section 4, we lift our attention to a higher perspective, by considering para-
metric representations. These are modeled by functors from the category of
sets and functions to that of representations. We characterize these objects,
and show how they can be used to define multi-tiered representations.

We believe this will allow future completeness proofs to be better structured,
easier to follow, and more succinct, as some proof obligations may be discharged
thanks to general results. It is our hope that this work provides the basis for a
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modular meta-system, able to generate sound and complete SAS in a transparent
fashion. Such a tool would allow formal analysis techniques to be applied to a
broader class of systems and class of questions about them.

Because of the author’s personal experience, examples are mostly chosen
from the field of extensions of Kleene algebra. Nevertheless, we hope we provide
enough intuitions to convince the reader that our approach is not restricted to
the study of these formalisms, but can instead capture a large class of formalisms.

2 Preliminaries

We assume the reader is familiar with basic concepts from category theory and
relation algebra. We recall below some of the latter, mainly to fix notations.

Relations A binary relation x : A B is a subset of A×B. To avoid ambigu-
ity, (containment being a relation of interest), we shall denote the set-theoretic
inclusion of relations by _ , writing x _ y instead of x ⊆ y. Similarly, equality
of relations is denoted by ] . The union and intersection of relations will be
written using the standard ∪ and ∩ symbols. Given sets A,B,C, and relations
x : A B and y : B C, we define the following constants and operations:
1A : A A is the identity (diagonal) relation over A, x◦ : B A is the
converse of x, and x ; y : A C is the sequential composition of x and y,
containing all pairs (a, c) such that there is some b ∈ B such that (a, b) ∈ x and
(b, c) ∈ y. If s : A A is a relation, its reflexive-transitive closure is written
s⋆. Given z : A → C, the (left-)residual of z by x, written x \ z : B C, is
the set of pairs (b, c) such that for every a ∈ A, (a, b) ∈ x entails (a, c) ∈ z. This
operator has can also be defined by the following equivalence:

∀x, y, z, y _ x \ z ⇔ x ; y _ z. (3)

A dual operator z / y, satisfying x _ z / y iff x ; y _ z can be defined by
z / y : = ((y◦) \ (z◦))◦.

Functions Given functions f : A → B and g : B → C, the composition g ◦ f :
A → C is the function mapping an a ∈ A to g(f(a)). The identity function
over A is written idA. Functions may be injectively mapped to relations by
considering the graph of the function. We write f∗ : A B for the relation
{(a, f(a)) ∈ A×B | a ∈ A}. Its converse is written f∗ : B A. Functions can
be identified among relations by two properties: univalence (f∗ ; f∗ _ 1B) and
totality (1A _ f∗ ; f

∗). Indeed, any function satisfies both, and any univalent
and total relation is the graph of some function.

We will make use of the following property of functions and residuals [1,
Exercise 4.35]:

f∗ ; (x \ y) ; g∗ ] (x ; f∗) \ (y ; g∗). (4)
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Products and coproducts The cartesian product of two sets A1 and A2 is written
A1 ×A2, with the two projections written as πi : A1 ×A2 → Ai. The coproduct
of A1 and A2 is written A1 + A2, with the two injections ιi : Ai → A1 + A2.
The coproduct can be fully axiomatized in relation algebra by the following
properties:

– the ιis are injective: 1Ai ] ιi∗ ; ι
∗
i ;

– their codomains are disjoint: ι1∗ ; ι∗2 ] 0 (or equivalently ι2∗ ; ι∗1 ] 0);
– their codomains cover A1 +A2: 1A1+A2

_ ι∗1 ; ι1∗ ∪ ι∗2 ; ι2∗.

Preorders A preorder x : A A are usually defined as reflexive and transitive
relations. This can be written as 1A _ x and x ; x _ x. Equivalently, a
preorder is a fixpoint of the reflexive-transitive closure: x ] x⋆, or a fixpoint of
the self-residual: x ] x \ x. As an example, notice that containment between
sets is the self-residual of the membership relation : ∈ \ ∈ ] ⊆.

3 The category of representations

3.1 The model & some of its instances

The protagonist in this paper is the notion of representation. It is a crude but
rather general formalism to describe analysis frameworks. More specifically it
aims at capturing systems where syntactic specifications and combinatorial be-
haviours are related by a satisfaction relation. Another relation, over specifica-
tions, is there to reason about semantic containment. Formally, we set:

Definition 1 (representation). A representation is a tuple R = ⟨T,E, |=,≤⟩
where T is a set of traces, E a set of expressions, |=: T E is a satisfaction
relation, and ≤ is a preorder on E such that |= ; ≤ _ |=. It is called exact when
(|= \ |=) _ ≤.

For any such structure, we define an interpretation function I : E → PT
(where P is the powerset functor) by setting I(e) : = {t ∈ T | t |= e}. This entails
the relational identity: ∈ ;I∗ ] |=. With this notation, the requirements for
being a representation and for being exact may look more familiar:

(|= ; ≤ _ |=)⇔ ∀e, f, e ≤ f entails I(e) ⊆ I(f)
(|= \ |= _ ≤)⇔ ∀e, f, I(e) ⊆ I(f) entails e ≤ f.

Indeed, the first axiom is soundness of ≤ with respect to I, and the second is
completeness.

Remark 1. In particular, we have that (e, f) ∈ (|= \ |=) if and only if I(e) ⊆ I(f).
Thus, the relation |= \ |= is semantic containment. A natural question is then
what is being represented by the relation |= / |= ? By definition we have:

(s, t) ∈ (|= / |=)⇔ ∀e, t |= e⇒ s |= e.

In other words, every expression satisfied by t is also satisfied by s. This is a
preorder on traces, and often plays a role in the semantic domain, although not
in the present paper.
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Remark 2. Equivalently, we could have started with an interpretation I : E →
PT , and defined |= as ∈ ;I∗. Soundness of ≤ with respect to I would entail the
axiom |= ; ≤ _ |=, and its completness would mean the representation is exact.

Examples of representations abound. We now briefly examine how concepts
from logical semantics and universal algebra may be reformulated in our setting.

Logics Consider a logic L, given as a set of formulas ΦL and an entailment re-
lation ⊢L. Let M = ⟨|M| , |=M⟩ be a structure such that |=M: |M| ΦL is
a satisfaction relation linking semantic elements to individual formulas. Such a
structure is called a model of the logic L iff whenever φ ⊢L ψ and m |=M φ,
we also have m |=M ψ. Therefore, for every model of the logic, the structure
⟨|M | , ΦL, |=M,⊢L⟩ is a representation. It is exact when the model is fully-
abstract, that is when from the sentence “for all m ∈ |M|, m |=M φ only if
m |=M ψ” we can deduce the existence of a valid entailment φ ⊢L ψ.

Varieties Consider a functional signature Σ, a set of variables V and a (finite)
set of axioms E : TΣ(V) TΣ(V) (where TΣ(V) is the set of terms built
from variables in V and operators in Σ). This generates a class of Σ-algebras
known as a variety. Consider such an algebra A, and an interpretation map
I : V → |A|. We may build a representation in this case as

〈
|A| , TΣ(V), IA∗,≡E

〉
,

where IA : TΣ(V)→ |A| is the homomorphic extension of I, and ≡E is the small-
est congruence containing E . Note that in this case the preorder is an equivalence
relation. The above representation is exact exactly in situations where the al-
gebra A is free in the variety generated by Σ and E . This point of view may
be refined in the case where |A| has the structure of a set of sets, i.e. there is
a domain (set) D such that |A| ⊆ PD. In this case, we prefer the following
representation as a model: 〈

D,TΣ(V),∈ ;IA∗,≡E
〉
.

This works nicely e.g. when A is the complex algebra (powerset algebra) associ-
ated with another Σ-algebra.

Application to Kleene algebras While not a finitely axiomatisable variety, Kleene
algebra may be understood as a variety generated by infinitely many identi-
ties [11, 16], or a quasi-variety generated by a finite set of Horn sentences [8].
Either way, we get (exact) representations, as the details of the axiomatisation
being used is of little consequence to our model. Let Reg(A) be the set of regular
expressions (i.e. using concatenation, union (+), singleton empty word, empty
language (0), and Kleene star) over some finite alphabet A. We assume some
axiomatisation KA, and consider the relation e ≤KA f on Reg(A) defined as
KA ⊢ e + f = f , where the later judgment denotes the equational theory de-
fined by KA (either style of axiomatisation can be used here). As we sketched
in the previous paragraph, any model of KA, i.e. a structure A that can in-
terpret each operator of Reg and such that any valid judgment KA ⊢ e = f
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entails an identity IA(e) = IA(f) for any I : A → |A|, can be cast as a repre-
sentation. Furthermore, the free Kleene algebra yields an exact representation
KA(A) : = ⟨A⋆,Reg(A), |=KA,≤KA⟩ when w |=KA e is defined as “w belongs
to the rational language associated with e”. The same construction yields exact
representations when applied to the free models of commutative Kleene alge-
bra [14], concurrent Kleene algebra [7], synchronous Kleene algebra [18], Kleene
algebra with tests [10] and many other extensions of Kleene algebra. As our
development makes few assumptions on the details of the underlying set theory,
it is our belief that nominal extensions of Kleene algebra [2, 9] would also be
amenable to such treatment.

Trivial representations It will prove useful to notice that any relation x : A B
generates an exact representation Rx : = ⟨A,B, x, x \ x⟩. We dub this the trivial
representation associated with x. An interesting instance of this construction
arises from the membership relation. Let A be a set, the representation

R∈ : = ⟨A,PA,∈,⊆⟩ .

is always exact. Furthermore, since for every exact representation it holds that
≤ ] |= \ |=, an exact representation is always isomorphic to the trivial
representation associated with its satisfaction relation.

3.2 Morphisms and products

In this section we define the category Repr and establish it as cartesian.

Definition 2 (morphism). Given two representations R1 and R2, a morphism
from the former to the latter is a pair ⟨φ,ψ⟩ : R1 → R2 such that:

– φ : E1 → E2 is a function and ψ : T2 T1 is a relation;
– φ is order preserving: φ∗; ≤1 _ ≤2 ;φ∗;
– the interpretation of φ(e) can be computed from that of e ∈ E1 using ψ:

|=2 ;φ∗ ] ψ; |=1 .

The last condition is expressed in F.O. style as

∀s ∈ T2, e ∈ E1, s |=2 φ(e)⇔ ∃t ∈ T1 : s ψ t ∧ t |=1 e.

Or, using set comprehension:

I2(φ(e)) = {s | ∃t ∈ T1 : s ψ t ∧ t ∈ I1(e)} .

It is easy to check that for every representation ⟨idE , 1T ⟩ is a morphism,
and that given ⟨φ,ψ⟩ : R1 → R2 and ⟨φ′, ψ′⟩ : R2 → R3, ⟨φ′ ◦ φ,ψ′ ; ψ⟩ is
a morphism from R1 to R3. We may thus define Repr as the category whose
objects are representations and arrows are morphisms. We also define xRepr,
the full-sub category of Repr consisting of exact representations and morphisms
between them.
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Repr is a cartesian category, with the product of two representations R1 and
R2 defined as follows:

R1 ×R2 : = ⟨T1 + T2, E1 × E2, ||=,≦⟩

where ||= ] ι∗1; |=1 ;π∗
1 ∪ ι∗2; |=2 ;π∗

2 , and ≦ ] π1∗; ≤1 ;π∗
1 ∩ π2∗; ≤2 ;π∗

2 .
This construction preserves exactness:

Proposition 1. If both R1 and R2 are exact, so is their product. In other words,
the category xRepr is also cartesian.

3.3 Reductions

Here we consider how one can establish the exactness of a representation. We
give this question special attention because it is usually the difficult part of cor-
rectness proofs: while soundness can be established by checking that individual
inference rules are safe, completeness requires one to build a proof tree for ev-
ery true semantic inclusion. For this later task, it seems no general method is
applicable. We show that in the case of representations, we can provide such a
general method, and analyse a few examples from the literature as instances of
our construction.

Definition 3 (reduction). A reduction from a representation R1 to R2 is a
triple ⟨φ, τ, ψ⟩ : R1 ⇝ R2 such that:

– φ : E1 → E2 and τ : E2 → E1 are functions and ψ : T2 T1 is a relation;
– τ is order preserving: τ∗; ≤2 _ ≤1 ;τ∗;
– the interpretation of φ(e) can be computed from that of e ∈ E1 using ψ:

|=2 ;φ∗ ] ψ; |=1;

– the composition τ ◦ φ yields a ≤1-equivalent expression:

τ∗ ; φ∗ _ ≤1 φ∗ ; τ∗ _ ≤1 .

Like morphisms, reductions compose, so we may easily check that ⇝ (the
binary relation relating R1 and R2 if there is a reduction from from R1 to R2)
is a preorder. Such transformations are very useful to establish exactness, as
witnessed by the following fact:

Proposition 2. R1 is exact if and only if there exists an exact representation
R2 and a reduction R1 ⇝ R2.

Proof. Assuming R1 is exact, then ⟨idE1
, idE1

, 1T1
⟩ is a reduction from R1 to

R|=1 , the trivial representation associated with |=1. Indeed:

id∗; |=1 \ |=1 ] |=1 \ |=1 ] ≤1 ] ≤1 ;id∗

|=1 ;id∗ ] |=1 ] 1; |=1

id∗ ; id∗ ] 1 _ ≤1

id∗ ; id∗ ] 1 _ ≤1
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On the other hand, assume R2 is exact and we have ⟨φ, τ, ψ⟩ : R1 ⇝ R2.
First, we establish that |=1 \ |=1 _ (|=2 ;φ∗) \ (|=2 ;φ∗), using (3):

|=1 \ |=1 _ (|=2 ;φ∗) \ (|=2 ;φ∗) ⇔ |=2 ;φ∗; |=1 \ |=1 _ |=2 ;φ∗

|=2 ;φ∗; |=1 \ |=1 ] ψ; |=1 ; |=1 \ |=1

_ ψ; |=1 ] |=2 ;φ∗.

We then conclude:

|=1 \ |=1 _ (|=2 ;φ∗) \ (|=2 ;φ∗)

] φ∗; |=2 \ |=2 ;φ∗ by (4)
] φ∗; ≤2 ;φ∗ by exactness of R2

_ φ∗ ; τ∗ ; τ
∗; ≤2 ;φ∗ by totality of τ

_ φ∗ ; τ∗; ≤1 ;τ∗ ; φ∗

_ ≤1 ; ≤1 ; ≤1 _ ≤1 . ⊓⊔

Remark 3. When giving talks about this work, there’s been a recurring question:
are reductions morphisms of some kind? Looking at the types of these objects,
there are two morphism candidates to consider : ⟨φ,ψ⟩ : R1 → R2 and ⟨τ, ψ◦⟩ :
R2 → R1. The definition of a reduction gives us one of the two conditions for
being a morphism in each case, but not the other:

φ∗; ≤1 ̸_ ≤2 ;φ∗ |=2 ;φ∗ ] ψ; |=1

τ∗; ≤2 _ ≤1 ;τ∗ |=1 ;τ∗ /] ψ◦; |=2

Thus they both fail to be morphisms in general. However, in the category xRepr,
the pair ⟨φ,ψ⟩ is in fact a morphism from R1 to R2.

Several proof strategies used in the literature may be construed as reductions.
We review some instances from the realm of extensions of Kleene algebra.

Kleene algebra with tests We quote from [10], in the beginning of section 7,
where the authors prove completeness of the axioms of KAT with respect to the
guarded strings model:

... every term p can be transformed into a KAT-equivalent term p̂ such
that G(p̂), the set of guarded strings represented by p̂, is the same as
R(p̂), the set of strings represented by p̂ under the ordinary interpretation
of regular expressions.

This is the crux of their proof, and can easily be cast as a reduction between the
representation of KAT and that of KA. In this case, the function ˆ would play
the role of φ, while both τ and ψ would be the identity. It is a simple exercise
to check that the conditions layed down by Kozen and Smith are equivalent to
requiring that ⟨̂ , id, 1⟩ is a reduction.
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Synchronous Kleene algebra In [18], again in section 7, we find a completeness
proof. This proof goes into two steps. First, completeness is established for a
subset of expressions. Second, it is shown that every expression can be translated
into this sub-syntax while remaining provably equivalent. Each of these steps is
an instance of reduction.

For the first, we can define a representation whose set of expressions is pre-
cisely the sub-syntax in question, and satisfaction and reasonning order are sim-
ply the restrictions to this set of the corresponding relations in the general rep-
resentation SKA. The syntax of this sub-representation happens to be the set
of regular expressions over a particular alphabet. And so the proof goes on to
provide a function Π that translates the semantic elements of SKA into words,
and to prove that the image by Π of the SKA interpretation of an expression
coincides with its regular language. This can be seen as a reduction from the
sub-representation to that of KA (over the special alphabet), with both φ and
τ being the identity, and ψ being the relation Π∗.

For the second step, the translation function, also called ,̂ has the property
that ê ≡SF1

e and ê belongs to the sub-syntax of the previous step. As in the
case of KAT, this would be a reduction ⟨̂ , id, 1⟩ from SKA to its exact sub-
representation.

As we described earlier, reductions compose, so the whole proof may be
construed as a single reduction. The result of computing the composition of the
two reductions above yields the triple ⟨̂ , id,Π∗⟩.

Concurrent Kleene algebra For CKA, in [7] the author rely on the completeness
of weak bi-Kleene algebra (BKA), a formalism with the same syntax. The proof
proceeds by computing a so-called syntactic closure (Definition 4.1):

Let e ∈ T . We say that e ↓ is a closure of e if both e ≡CKA e ↓ and
Je ↓KBKA = JeKCKA hold. 1

The paper goes on to prove that the existence of such a closure function implies
completeness (Lemma 4.1), and then builds one (Theorem 4.1). The function ↓
may be understood as playing the role of φ, and in this case we again set both
τ and ψ to the identity, so this is still an instance of reduction between the
representation CKA and the representation BKA.

In fact the specificities of this case would allow for weaker proof obligations to
obtain completeness. (Note however that the weaker obligations are still logically
equivalent to the above definition, in the presence of the simplifying hypotheses.)
We may summarize what makes this case easier than the general one by the
following remarks:

ECKA = EBKA TCKA = TBKA

≤BKA _ ≤CKA |=BKA _ |=CKA

1 Some notations have been modified.
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In this case, one only needs a function ↓ such that

|=CKA _ |=BKA ; ↓∗ ↓∗ _ ≤CKA

One can prove that under these hypotheses, these conditions are equivalent to
⟨↓, id, 1⟩ being a reduction. We state the general result, after the following defi-
nition.

Definition 4 (syntactic closure). A syntactic closure between two representa-
tions sharing the same sets of expressions and traces, written Ri = ⟨T,E, |=i,≤i⟩
for i ∈ {1, 2}, is a function ↓: E → E such that:

|=1 _ |=2 ; ↓∗ ↓∗ _ ≤1

Lemma 1. In the situation of Definition 4, if additionally we have ≤2 _ ≤1,
|=2 _ |=1, and R2 exact, then for any function ↓: E → E the following are
equivalent:

1. ⟨↓, id, 1⟩ is a reduction;
2. ↓ is a syntactic closure.

In particular, if R2 is exact, the existence of a syntactic closure entails the
exactness of R1.

4 Higher order representations

We now turn our sights on set-indexed representations, structures intended to
model e.g. the free monoid over some set of generators. These may be seen as
functors from Set to Repr. To better understand them, we must first investi-
gate competing notions of naturality (as in natural transformations) for binary
relations.

4.1 Natural relations

Let F,G be a pair of Set endofunctors, and ρ be a set-indexed family of relations
such that ρA : FA GA. A first notion of naturality can be formulated as
follows:

Definition 5 (natural relation). ρ is called natural iff for every function f :
A→ B and every pair ⟨a, a′⟩ ∈ ρA, we have ⟨Ff(a),Gf(a′)⟩ ∈ ρB. Relationally:

Ff∗ ; ρA _ ρB ;Gf∗.

This states that the relation ρ is preserved by functor application. This rather
ad-hoc definition will be the weakest (most permissive) notion of naturality for
relations. We denote a natural relation by writing ρ : F G.

Examples of such relations include for instance preorders ≤Ax over a term
algebra TΣ(A) generated from a set of axioms Ax : TΣ(V) TΣ(V) (where V
is a fixed set of variables).
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To define our second notion of naturality, we will use the canonical functor
from Set to Rel, mapping objects to themselves and arrows f to f∗. We denote
the composition of a Set-endofunctor F with it by F∗, meaning F∗A = FA and
F∗f = (Ff)∗. Now we define:

Definition 6 (left-linear relation). A left linear relation from F to G is a
natural transformation F∗ ⇒ G∗. Relationally, for every function f : A→ B:

Ff∗ ; ρB ] ρA ;Gf∗.

What does this have to do with linearity (or leftism for that matter)? To
understand we need relation liftings [12]. We don’t have the space to properly
define these (and refer the interested reader to op. cit.), so we shall only mention
that whenever a Set endofunctor F preserves weak pullbacks, it extends to a
monotone Rel endofunctor F̄ such that F̄(f∗) = Ff∗. Examples of such functors
abound. Most functors corresponding to datatypes fall into that category, like
lists, trees, finite graphs... We shall be especially interested in the following
functors, all of which share this property:

– TΣ , the terms over the signature Σ;
– P, the powerset functor;
– List, the list functor;
– Pom, the pomset functor.

In the following, we assume both F and G preserve weak pullbacks.
We now make the following observation:

Lemma 2. ρ is left-linear iff for every relation x : A B we have:

F̄x ; ρB _ ρA ; Ḡx

Proof. Assume for every x : A B we have F̄x ; ρB _ ρA ; Ḡx, and let
f : A→ B. Then in particular we do have

Ff∗ ; ρB ] F̄(f∗) ; ρB _ ρA ; Ḡ(f∗) ] ρA ;Gf∗.

For the converse inclusion, we use totality and univalence:

ρA ;Gf∗ _ Ff∗ ; Ff
∗ ; ρA ;Gf∗ _ Ff∗ ; ρB ;Gf∗ ;Gf∗ _ Ff∗ ; ρB .

Now, assume ρ is left-linear, and let x : A B. Seeing x as a set of pairs,
we write dx : x → A for the first projection restricted to x and cx : x → B for
the second. This allows one to see the relation x as the span A dx←− x cx−→ B, and
we get x ] dx∗ ; cx∗. Therefore, we obtain:

F̄x ; ρB ] F̄dx∗ ; F̄cx∗ ; ρB ] F̄dx∗ ; ρx ; Ḡcx∗

_ F̄dx∗ ; ρx ; Ḡdx∗ ; Ḡdx
∗ ; Ḡcx∗

] F̄dx∗ ; F̄dx∗ ; ρA ; Ḡdx∗ ; Ḡcx∗

_ ρA ; Ḡdx∗ ; Ḡcx∗ ] ρA ; Ḡx ⊓⊔
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This invites the notion of right-linearity: ρ is right-linear iff for every x : A B
we have ρA ; Ḡx _ F̄x ; ρB . Equivalently, ρ is right-linear iff for every function
f : A → B we have Ff∗ ; ρA ] ρB ; Gf∗ Note that ρ is right-linear iff ρ◦ is
left-linear.

An important example of right-linear relation is the membership relation
∈: Id P (where Id is the identity functor and P is the powerset functor).
Indeed, for a given f : A → B, the definition of the powerset functor tells us
that Pf(X) = {f(x) | x ∈ X}. This can be reformulated relationally as:

∈ ;Pf∗ ] f∗; ∈

which means ∈ is right-linear.
Finally, we define full linearity:

Definition 7 (linear relation). A linear relation is a natural transformation
from F̄ to Ḡ. Relationally, for every relation x : A B we have:

F̄x ; ρB ] ρA ; Ḡx.

Observe that a relation is linear iff it is both left- and right-linear.
To get an example of linear relation, consider terms over a signature Σ. Let

ℓ : TΣ ⇒ List be the natural transformation that extracts from a term its list
of variables. For instance:

ℓ(f(g(a, b), h(c))) = [a; b; c] ℓ(g(a, f(h(b), c))) = [a; b; c]

We can define an equivalence relation ≈ over terms as ℓ∗ ; ℓ∗, i.e. we relate two
terms if they share the same list of variables. It is a simple exercise to check that
≈: TΣ TΣ is a linear relation.

To complete this subsection, we turn our attention to natural transformations
between F and G:

Lemma 3. Let φ be a set-indexed family of functions such that for every set A
φA : FA → GA. φ is a natural transformation iff φ∗ is right-linear iff φ∗ is
left-linear.

This observation in mind, we define:

Definition 8 (linear transformation). A natural transformation φ is called
linear iff φ∗ (or equivalently φ∗) is a linear relation.

In the previous example, the transformation ℓ is linear. This fact entails the
linearity of ≈ ] ℓ∗ ; ℓ

∗.
Important examples of linear transformations arise from syntax monads. In-

deed, for any functional signature Σ, it is well known that we can endow the
functor TΣ with a monad structure ⟨TΣ , µT , ηT ⟩. It so happens that whatever
the signature, the natural transformations ηT and µT are linear. This is not the
case e.g. with the powerset monad, where µP fails to be linear.
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4.2 HORs

We are now equipped to define a structure that tries to capture set-indexed
collections of representations, that enjoy some regularity properties.

Definition 9 (HOR). A higher-order representation (HOR for short) is a
structure R = ⟨T , E , ||=,≦⟩ where E and T are a Set endofunctors, ||=: T E
is a right-linear relation, and ≦: E E is a natural relation such that for every
set A, RA = ⟨T A, EA, ||=A,≦A⟩ is a representation. It is called relational when
both E and T preserve weak pullbacks.

Note that requiring ||= to be right-linear is logically equivalent to the interpre-
tation function I being a natural transformation E ⇒ PT .

These can be turned into functors Set → Repr. Indeed, we extend R to
morphisms by setting for a function f : A→ B:

Rf = ⟨Ef, T f∗⟩

Lemma 4. The transformation defined on a set A as RA and on a function f
as Rf is a functor Set→ Repr.

Proof. The only thing to check that R is a functor is that Rf is a morphism
from RA to RB:

Ef∗; ≦A _ ≦B ;Ef∗ naturality of ≦
||=B ;Ef∗ ] T f∗; ||=A right-linearity of ||=

⊓⊔

The question remains, are there other functors of the same type, that fail to
be HORs? We may answer in the affirmative, as we offer the following charac-
terization:

Proposition 3. The functors Set → Repr are in one-to-one correspondence
with structures ⟨T , E , ||=,≦⟩ where T : Set → Rel and E : Set → Set are
functors, ||=: T E and ≦: E E are natural relations, such that:

≦ ] ≦ \ ≦ ||= ; ≦ _ ||= ∀f : A→ B, T f ; ||= ] ||= ;Ef∗.

Observe that the difference with a HOR is that T is a functor from Set to Rel
instead of one from Set to itself. As a result, the condition on ||= differs slightly
from right-linearity, and the characterization via interpretations is less clear as
the composite functor PT is ill-defined.

4.3 Lifting HORs

Relational HORs can be first extended as functors from the category PreOrd
of preordered sets to Repr:
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Definition 10 (R̃). Given a relational HOR R and a preorder ⟨A,≤A⟩ we de-
fine:

R̃⟨A,≤A⟩ : =
〈
T A, EA, T̄ ≤A; ||=,

(
Ē≤A∪ ≦

)⋆〉
.

Lemma 5. R̃ is a functor PreOrd→ Repr.

Proof.
(
Ē≤A∪ ≦

)⋆ is quite obviously a preorder, so we check soundness. Thanks
to the laws of relation algebra (specifically the KA fragment) this amounts to
checking the following pair of inclusions:

T̄ ≤A; ||= ;Ē≤A _ T̄ ≤A ; T̄ ≤A; ||= ] T̄ (≤A ; ≤A); ||= _ T̄ ≤A; ||=
T̄ ≤A; ||= ; ≦ _ T̄ ≤A; ||= . ⊓⊔

Monoids over an ordered set This lifting works very well in the case of the free
monoid over an ordered set of generators. Indeed, let us define the following
HOR: Mon = ⟨List,M, I∗,=Mon⟩, where List is the list functor, M is the term
functor T{⊗(2),1(0)}, I is the natural transformation mapping 1 to the empty list,
and products u⊗v to concatenations I(u)·I(v), and =Mon is the least congruence
on M(A) that contains the following axioms, for every term u, v, w ∈M(A):

u⊗ (v ⊗ w) =Mon (u⊗ v)⊗ w u⊗ 1 =Mon u =Mon 1⊗ u

Applying the above construction to Mon over some preorder ⟨A,≼⟩ yields the
structure

M̃on⟨A,≼⟩ : =
〈
ListA,M A, ¯List≼ ; I∗,

(
M̄≼∪ =Mon

)⋆〉
.

We may further understand the satisfaction by realizing that ¯List≼ is simply
the pointwise application of the ordering between lists of the same length. In
other words:

[a1, . . . , an] ¯List≼ [b1, . . . , bm] ⇔ n = m ∧ ∀i, ai ≼ bi.

The preorder on expressions may also be reformulated as the least preorder ≤̃
such that:

u ≤̃ u′ v ≤̃ v′

u⊗ v ≤̃ u′ ⊗ v′
u =Mon v

u ≤̃ v
a ≼ b

a ≤̃ b

Further, we may extend relational HORs as functors Repr → Repr, thus
yielding representations parametrized by other representations. The result is a
two-tiered system, where the HOR specifies the outer (dynamic) part of the
model (e.g. trace semantics of regular expressions), and the parameter handles
the inner (static) part of the model (e.g. boolean alegbra to denote memeory
states as bit-vectors).

Definition 11 (R̂). Given a relational HOR R and representation R, we define

R̂(R) : =
〈
T T, EE, T |=; ||=, (E≤∪ ≦)⋆

〉
.
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Lemma 6. R̂ is a functor Repr→ Repr.

The caveat is that these construction do not automatically preserve exact-
ness. Indeed in many cases, even if R was exact (as in, every RA is exact), R̂
may need more axioms to be exact.

Application to Kleene algebra A number of extensions of Kleene algebra can be
construed as HORs. In a nutshell, those extensions that do not depend on their
alphabet in an essential way give rise to well-behaved HORs. For instance, KA
itself is a very neat HOR, which can be defined like so:

KA(A) = ⟨ListA,Reg(A),∈ ;L∗,≤KA⟩

(where L : Reg(A) → PListA is the function mapping an expression to the
regular language it denotes.) L is easily shown to be a natural transformation,
and ≤KA is a natural relation if we take Kozen’s axiomatisation (which is stable
under substitutions).

We may frame biKA [13] in the same way, and for the same reasons. Per-
haps more surprising, CKA [7] is amenable to the same treatment. Indeed, CKA
semantics is obtained from biKA semantics via down-closure under the subsump-
tion order. But that order happens to be a linear relation (as in Definition 7).
This makes the CKA semantic relation right-linear, and thus gives us a well-
behaved HOR.

5 Conclusions

5.1 Related work

An important related theory is that of institutions [5]. In institutions one also en-
capsulates in the same structure some syntactic and some semantic information.
But when a representation tries to capture one system of reasoning, an institu-
tion contains many systems. For that reason the definition of an institution is
much more demanding than that of a representation: in the former, syntax and
semantics must be equipped with category structures, with some compatibility
conditions between them. A legitimate question is then what are the classes of
representations that can be turned into institutions? Or, conversely, can repre-
sentations be extracted from an institution? We leave it open as a topic of future
research.

Specification theories [3], introduced by Fahrenberg and Legay, is another
related formalism. A specification theory may be understood as a structure
⟨T,E, χ,≤⟩, where χ : T → E mapping a trace to its characteristic expression.
It can be turned into a representation by setting |= ] χ∗; ≤, i.e. by defin-
ing I(e) = {t ∈ T | χ(t) ≤ e}. Specification theories are thus special instances
of representations, where traces may be represented as expressions, and where
satisfaction is derived from the preorder on expressions. In [3], it was shown
that specification theories capture a number of interesting formalisms. We plan
on exploring how the representation point of view can help in this context in a
future paper.



16 P. Brunet

5.2 On the meta-meta-theory

In this paper, our meta-theory of SAS is built inside the categories Set and Rel.
However, the keen reader will recognize that we use an axiomatic presentation
of Rel in our proofs, rather than one based on the definition of operations on
sets of pairs. This suggests generalizations of this work may be within reach, by
abstracting away Rel for a more general category equipped with the appropriate
operators. Unfortunately, it seems that all existing formalisms (that the author
is aware of) that are expressive enough have extraneous assumptions. We review
some below.

Most participants of RAMiCS would for instance suggest using Relation Al-
gebra, as axiomatised by Tarski [17], as a meta theory. This works nicely enough,
but as we do not use negations, and since these are well-recognized sources of
complexity in proof systems, we would rather consider a more parsimonious
model. The question then boils down to which is the “correct” fragment of Re-
lation Algebra that is necessary here.

In that direction, a strong contender is the notion of Allegory [1, 4]. This
seems better aligned with our needs, and indeed our theory could be largely for-
mulated in the language of e.g. locally complete allegories or division allegories.
However, these require assumptions that we do not use, and that seem quite
demanding. Mainly, any allegory is required to satisfy the modular law (a.k.a.
Dedekind’s rule). This requires a particular relationship between composition,
intersection and converse that plays no role in our development.

We plan to investigate these questions more thoroughly in a future paper, by
defining a new kind of abstract structure that captures exactly our requirements
without extra hypotheses. With any luck, interesting instances of these structures
will yield novel systems of analysis, or at least novel ways to study them.

5.3 Directions for future research

This paper is intended to be the first step of a broader research program. Be-
yond enhancing and consolidating the results in this paper, we aim to apply
this theory to concrete verification tasks. We hope such an endeavour will help
build useful representations, and guide us towards more relevant constructions
on representations. This activity will be accompanied by a classification effort,
to identify useful classes of representations. We will also strive to formalize our
results in the Rocq proof system.

Acknowledgement. The author would like to thank the many people who
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A Proofs of section 3

Lemma 7. R1 ×R2 is a representation.

Proof. We check both requirements: ≦ is a preorder that is sound w.r.t. ||=.

– ≦ is a preorder:
• For every preorder x : A A and function f : B → A, f∗ ; x ; f∗ is a

preorder, therefore both πi∗; ≤i ;π∗
i are preorders.

• The intersection of two preorders is itself a preorder, so ≦ is a preorder.
– ||= ; ≦ _ ||=:

||= ; ≦ ]

(⋃
i

ι∗i ; |=i ;π∗
i

)
; ≦

]
⋃
i

ι∗i ; |=i ;π∗
i ; ≦

]
⋃
i

ι∗i ; |=i ;π∗
i ;

⋂
j

πj∗; ≤j ;π∗
j


_

⋃
i

ι∗i ; |=i ;π∗
i ; πi∗; ≤i ;π∗

i

_
⋃
i

ι∗i ; |=i ; ≤i ;π∗
i

_
⋃
i

ι∗i ; |=i ;π∗
i ] ||= ⊓⊔

Lemma 8. R1 ×R2 is the cartesian product of R1 and R2.

Proof. We only sketch the proof. We first define the projections Π1 and Π2:

Πφ
i :E1 × E2 → Ei Πψ

i :Ti T1 + T2

Πφ
i : = πi Πψ

i : = ιi∗

It is easy enough to check that the Πis are indeed morphisms of representations.
Next, one needs to check that given a representation R and another pair of

morphisms fi = ⟨φi, ψi⟩ : R→ Ri, there is a unique morphism g : R→ R1 ×R2

such that for each i, fi = Πi ◦ g.

– Existence. Let e ∈ ER, we define gφ(e) = ⟨φ1(e), φ2(e)⟩. We also define
gψ ]

⋃
i∈{1,2} ι

∗
i ; ψi. g is a homomorphism, and satisfies the required

identities fi = Πi ◦ g.



Representations 19

– Unicity. Assume another such morphism. Pose g′ = ⟨φ′, ψ′⟩. The equations
Πi ◦ g = fi = Πi ◦ g′ constrain g′ enough so we can prove that g = g′. ⊓⊔

Proof (Lemma 1). First, observe that since for each i ∈ {1, 2}, ι∗i ; |=i ;π∗
i _ ||=,

we have by contravariance of − \ x that:

||= \ ||= _ (ι∗i ; |=i ;π∗
i ) \ ||=

Next, we prove that for each i ∈ {1, 2}, |=i ;π∗
i ; ||= \ ||= _ |=i ;π∗

i .

|=i ;π∗
i ; ||= \ ||= _ ιi∗ ; ι

∗
i ; |=i ;π∗

i ; (ι
∗
i ; |=i ;π∗

i )\ ||=
_ ιi∗; ||=
] ιi∗ ; ι

∗
1; |=1 ;π∗

1 ∪ ιi∗ ; ι∗2; |=2 ;π∗
2

] 1; |=i ;π∗
i ∪ 0; |=¬i ;π

∗
¬i

] |=i ;π∗
i

Therefore, we obtain that ||= \ ||= _ (|=i ;π∗
i ) \ (|=i ;π∗

i ) for both values of
i. Hence we get:

||= \ ||= _
⋂
i

(|=i ;π∗
i ) \ (|=i ;π∗

i ).

Using totality and univalence, we know that for any functions f, g and relations
x, y of appropriate types, (x ; f∗) \ (y ; g∗) ] f∗ ; (x \ y) ; g∗. Hence:

||= \ ||= _
⋂
i

πi∗ ; (|=i \ |=i) ; π∗
i .

Using exactness of the Ris, we conclude:

||= \ ||= _
⋂
i

πi∗ ; (|=i \ |=i) ; π∗
i _

⋂
i

πi∗; ≤i ;π∗
i ] ≦ . ⊓⊔

Proof (Lemma 1). We prove both implications.

1. Let ↓ be a syntactic closure. We will show that ⟨↓, id, 1⟩ is a reduction.

id∗; ≤2 ] ≤2 _ ≤1 .

|=2 ; ↓∗ _ |=1 ; ≤1 _ 1; |=1 _ |=2 ; ↓∗

id∗; ↓∗ ] ↓∗ _ ≤1

For the last inclusion, we observe that

|=2 ; ↓∗ _ |=1 ; ↓∗ _ |=2 ; ↓∗ ; ↓∗ _ |=2

Therefore ↓∗ _ |=2 \ |=2. We conclude by exactness of R2:

↓∗ ;id∗ ] ↓∗ _ |=2 \ |=2 _ ≤2 _ ≤1 .

2. Let ↓ be such that ⟨↓, id, 1⟩ is a reduction. Then:

|=1 ] 1; |=1 ] |=2 ; ↓∗

↓∗ ] id∗; ↓∗ _ ≤1 . ⊓⊔


