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Disclaimer

e Work in progress
e Unpublished

w Largely a modeling/formalisation effort — many definitions, few
results
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Context: Program analysis

e lmpossible for a single sysfem o solve all program analysis fasks.

w Need for a large and growing number of program analysis
frameworks.

w Need for fools 1o buld new program analysis frameworks.

e This work: machinery fo buld new frameworks compositionaly.
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Two tiered models

dynamic behnaviour
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Two tiered models

S

stotic belhnaviour

examples:
- Instructions
. . - memory sfate
dynamic behnaviour (bit-vector)
examples: - predicate/value
- fraces (ie. words) record
- concurrent traces (e.g. pomsets)
- grophs
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A meta-framework
Features

e Syntox as a parameter:
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A meta-framework
Features

e Syntox as a parameter:
> morphisms between structures with different signatures;
> proof fechiniques for completeness, €.4. reductions.
= Non-equal things should be different:
> work with explcit equivalence relations ratiner than quotients;
> o identification of isomorphic structures.
w Keep i simple:
> os few hypotheses as possible;
> dagrammatic or (inkequationnal reasonning.

Pl Brunef 8/44
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Plan

= |. Background

I. Representations
Il. Reductions
V. Hoher order representafions

V. Conclusion
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Background

e Category theory (a lifte)
= Relation algebra (a lof)
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Binary relations

Yk S L ChxP

. rCy

* = (ab) ey
exe (ab) ey

;

le. x=y

W enfoiment: X — y means (a,b) €
e equvalence: % <>y Means (a,b)
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Relation algebra
A multiplicative fragment

e identity |y : ko> k= {(a.) | a=d €k},
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Relation algebra
A multiplicative fragment

e dentity | : h-os k= {(a.a') | a=a €h}.
W CONVerse W : % -es k= {(b,a) | (ab)er}.
= Composiion
$iyih-esCi={(ac) | be?: (ab) et & (bo) €y}
= leff-residual
WWz:8-esC:={(be) | Vaeh (ab)et=(ac)ez}

iy -z &y = K\z

Pl Brunef

12/41



Functions and relations

@ Functions con be represented as relations:
Let f:k— % be a function

fo ke b= {(LI(WN) | veA} e (ab) et & fa) =b.
o8- k= {(f(0), %) | xeN} e (ba) et = b=1Fa).
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Functions and relations

@ Functions con be represented as relations:
Let f:k— % be a function

fo ke b= {(LI(WN) | veA} e (ab) et & fa) =b.
o8- k= {(f(0), %) | xeN} e (ba) et = b=1Fa).

= 1his is a monod homomorphisim:

(Fog)* « Fig" ()" « b

Pl Brunef /49



Funections and relations
Charocterisafion of functions

= Functions are univalent and total.
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Funections and relations
Charocterisafion of functions

= Functions are univalent and totol.
> univalence: £~ sk — g
(means that it (a,by), (a.b;) € % then b =b,)
> tolalty: |, — w5k~
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Funections and relations
Charocterisafion of functions

= Functions are univalent and fofal
> univalence: £~ sk — g
(means that it (a,by), (a.b;) € % then b =b,)
> tofalty: |, — %5k
(means that for any a € s fnere is b € & such at (a,b) € 1)
w It a relafion X is univalent and fofal there is a unique function £
such tinat v = f..

Pl Brunef 14/49



Representations
Plan

|. Background

I~ I. Representations
Il. Reductions

V. Hoher order representafions

V. Conclusion

Pl Brunef b/49



Representations

R=(T,E k<)

Pl Brunef lb/44



Representations

Set of traces

R=(T,E k<)

Pl Brunef lb/44



Representations

Set of froces \

(e E <

Set of expressions

Pl Brunef

/44



Representations

Set of froces \ Satistaction relafion
(T,

E,F

Set of expressions ]

Pl Brunef lb/44



Representations

Set of froces \ Satistaction relafion

(B, E

/ﬁH/\

Set of expressions ] (Predorder relation

Pl Brunef lb/44



Representations

Set of froces \ Satistaction relafion

(B, E

/ﬁH/\

Set of expressions ] (Predorder relation

Pl Brunef lb/44



Representations

Set of froces \ Satistaction relafion

(B, E

/ﬁH/\

Set of expressions ] (Predorder relation

< — FE

I

WeT fek (Feck:tre&e<t) = tEf
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Representations

Set of froces \ Satistaction relafion
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Representations

Set of froces \ Satistaction relafion

(B, E

/—i\/\
A
A

Set of expressions ] (Predorder relation

< =+ E

WeT fek (Feck:tre&e<t) = tEf

oVefeEk e<f=Vtee=tE?
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Interpretations

R=(T,EE, ).

Equivalently, we can replace = with an inferprefation function
I:E—P(M):
lle) ={teT | tEe}
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Interpretations

R = (T.E,E, <).

Equivalently, we can replace = with an inferprefation function
I:E—P(M):
lle) ={teT | tEe}

To get back &, we use the fact that tEe <t el(e) le. =€ ;I

The axiom of representations means fhat < is sound with respect fo I:

;< = F) e (Ve,fecEe<t=le) ClF)
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Exaect representations

A representation is exact if the following entaiment holds:

E\F — <.

le. Ve.f, (W tEe=tEh=e<t
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Exaect representations

A representation is exact if the following entaiment holds:

E\F — <.

le. Ve.f, (W tEe=tEh=e<t

lemma
A representation is exact f and only f < is sound and complete
for 1 ie.:
ve.fckE l(e) CIth e <t
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Representations
Set of froces \ Satistaction relafion

E, <).

(B, E T
Set of expressions ] (Pre)order relation
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Examples

R = (T,EkE,<).

e Algebra + axiomatisation

w Logic + semantics

w Programs + behavioural equivalence

w Programs + evaluation (exactness less relevant)
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Trivial representations

Fact: for every binary relafion %, ¥\ % is a preorder.
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Trivial representations

Fact: for every binary relafion %, ¥\ % is a preorder.

lemma
Lef % : k- B, then R = (K&, %, %\ %) Is an exact representation.

Example:
Since €\ € «» C (easy exercise) RS = (KNP (K),€,C) is exack
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Reductions
A proof fechnique

= | want fo prove that a representation is exact.

w10 do that, | want 1o leverage fhe fact that | know some exact
representations.

| want fo fransfer the problem of checking exactness in R 1o the
problem of proving exactness in K'.

= | need some fransformations between R and K.

Pl Brunef 13/49



Reductions
A proof fechnique

R = (.., <) Ry = (T2, B2, 2, <)
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Reductions
A proof fechnique

R = (.., <) Ry = (T2, B2, 2, <)

A reduction from R fo R; is given by:
= a por of function ¢ : B —E) and w : E) - E
e o bihary relafion p: T) - T;

such tinat = o <N
vh< = Syt et - = Fpi0% < piF
le. : e < = w(e) S w(e) e <jwlpe) <e

hp(e) ={feT | 35 (s)cp & selle)}

Pl Brunef 14/49
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Reductions
A proof fechnique

lemma
¥ R, ic exact and R reduces o By, then K i exact:

lemma
The reduction relation is a preorder.

lemma
A representation R is exact ff R reduces fo (T,E, k= \ ).

RIRE
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Proof
It B, Is exact and K reduces to Ry, then K is exact

D) Show that 5\ | — @.; ) \ F; ;0%
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Proof
It B, Is exact and K reduces to Ry, then K is exact
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> Since b k\ gt e (5 F)\ (Y5 97)
> this is equvalent to showing I, ;0% ;5 (B \ ) — ;0"

Pl Brunef 26/49



Proof
It B, Is exact and K reduces to Ry, then K is exact

D) Show that 5\ | — @.; ) \ F; ;0%
> Since £, ;%\ ;9" <« (PN (Y 99)
> this s equivalent 0 showing =5 ;0™ 5 (B \ ) — E; 0™
» which we con derive like so:

Ero™ s (B\E) <« pEsE\NE) — pE < E e
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Proof
It B, Is exact and K reduces to Ry, then K is exact

D Show that f:| \ |:| —>  Qx; '=Z \ f:Z 1Q*.
> Since £, ;%\ ;9" <« (PN (Y 99)
> this s equivalent 0 showing =5 ;0™ 5 (B \ ) — E; 0™
> which we can derive like so:
E o™ (B\E) < pE(EN\NF) = pE < F e
1) Therefore, we have :

— @y <) 507

— @YY <0

= QW ST @7

- =555 — 5 o

E\F — o F\F 0"

Pl Brunef 26/49



Reduction: example

We are inferested in the folowing representation:

FnLat(y) = (hE(N), € 1, <)

efcEMu=a | L | evt

\(a) == {a} (L) =0 e v =le) Ul(H)

e<e 0<e e<evf f<evt
e<f<y e<qg ft<yg
e<9 evi<y
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Reduction: example

We are inferested in the folowing representation:

FnLat(y) = (hE(N), € 1, <)

efcEMu=a | L | evt

\(a) == {a} (L) =0 e v =le) Ul(H)

e<e 0<e e<evf f<evt
e<f<y e<qg ft<yg
e<9 evi<y

s soundness is obvious, we now want fo prove it exact.
Pl Brunet 241



Reduction: example

We start with a frivial representation

with In defined by (a.b-w)el<a=bv (aw) €

Pl Brunef

FinGet(h) = (& I, In,In \ In)
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Reduction: example

We start with a frivial representation
Finget(k) = (&K, In,In \ In)

with In defined by (a.b-w)el<a=bv (aw) €

FinLat reduces fo FinSet.

@(4) =4 p(L)=¢ p(e V)=o) o)

w(e)=1 w(a-w) =aVy(w (p = )
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FinLat reduces to FinSet
D)y < — <yt
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FinLat reduces to FinSet
D)y < — <yt

u I\ 1) ¥ & () < p()
by induction on u:

Pl Brunef

29149



FinLat reduces to FinSet
D)y < — <yt

u I\ 1) ¥ & () < p()
by induction on u:

w e (N\N)v=w(e) = L <w()
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FinLat reduces to FinSet
D)y < — <yt

u I\ 1) ¥ & () < p()

by induction on u:

w e (N\N)v=w(e) = L <w()

@ a-u(n\)yv=alvand u(n\ )
by induction on v alny =4 < y(\)
by induction hypothesis w(u) < w(v)
= y@-w=aVy) <y
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FinLat reduces to FinSet
D)y et — =
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FinLat reduces to FinSet
D)y et — =

by induction on terms
w(p@) =avL=a w(e(l) =w(e) = L

by induction on u
w(u-v) =y Vy©)
w(peVh) =w(ee) o) =yo) V(o)
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FinLat reduces to FinSet
3) By pf <+ p;E

Pl Brunef 21/49



FinLat reduces to FinSet
3) By pf <+ p;E

alnp(e) < acle)
by induction on e

Pl Brunef 21/49



FinLat reduces to FinSet
3) By pf <+ p;E

alnp(e) < acle)
by induction on e

ahpb)=b-eca=boac {b} =Ib)
(@ gp(Ll)=c¢) —(aeh=1(1))

anpeVvh =g of)=alngle) or aln )
sacle) oraclh)
sacle)uld)=levh
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3) By pf <+ p;E

alnp(e) < acle)
by induction on e
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anpeVvh =g of)=alngle) or aln )
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Higher order representations

we Forametric representations over sefs
€4 FnLaf(k), FinSet(k), Lang(k), Mon(k)
e, structures RN == (T(M),EN), Ep, <p)
w — functors from Set fo Repr

w Forametric representations over representafions
@ — functors from Repr 1o Repr ?
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The category Repr
Representation morphisms

(p.w)
(M, B, By, <)——————(T0. By, By, <)

with @ : T, — T, and w : E — E, and such that:
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The category Repr
Representation morphisms

(p.w)
(M, B, By, <)——————(T0. By, By, <)

with @ : T, — T, and w : E — E, and such that:

v < - Syt

Vet e, e < t=wle) < wb).
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The category Repr
Representation morphisms

(o, y)

(T, B, By, Sp—————— (T, B, By, <)
with @ : T, — T, and w : E — E, and such that:

v < - Syt

Vet e, e < t=wle) < wb).

Q' R o Fp T

Veek, {ot) |tRe}={teT |tERy(e)}
le. Lw(e) ={o) |telle)}
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The category Repr

w Objects: representations
e Arrows: morphisms

Remark: exact representations form a full sub-cateqory of Repr.
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Higher order representations

we Forametric representations over sefs
€4 FnLaf(k), FinSet(k), Lang(k), Mon(k)
le. structures RN == (TN, EN), Ep <))

(==

= — functors from Set fo Repr functions from sefs to relations
— ‘higher order relations”

w Forametric representations over representafions

@ — functors from Repr 1o Repr ?

Pl Brunef 2b/49



Higher order relations

Let ¥, be Set endofunctors.
w Set-indexed family of relafions py, : Pk —e» Gk
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Higher order relations

Let F,4 be Set endofunctors.
w Set-indexed family of relafions py, : Pk —e» Gk
w nofotion © p:F=esqg f for al $: - % ‘natural relation’

(hy) € o= (FF(N).aE(Y) € pp e psafe — Fhosp

- ~ J-cel in Rel

~
Qefr\pll)(%f
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Higher order relations

Let F,4 be Set endofunctors.
w Set-indexed family of relafions py, : Fik—e» Gk
w hotation © p:F=esg if for ol F:hk—® ‘natural_relation’

(MY €= (FF(R.af() € pp 1o psaf. — Fhosp

w ~ 2-cel in Rel

W but not quite: ¥, G need 1o be Set — Rel functord!

Fu
—
Sef \PU){ Rel
G

= F,: Set — Rel does as ¥ on objects, and maps f fo (Ff)...
Pl Brunet 21/41



Relation lifting

Let F: Sef — Set be a functor preserving weak pullbacks.
F can be Ifted to a functor ¥ : Rel — Rel such that:

o=y

FF) o (D —

E()LV) > (Fh)7
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Relation lifting

Let F: Sef — Set be a functor preserving weak pullbacks.
F can be Ifted to a functor ¥ : Rel — Rel such that:

o=y

FF) o (D —

FO&7) < (FY)~

lemma
F exfends as a monotone functor Rel — Rel i it preserves
weak pullbacks.

Pl Brunef 28/49



Example: P (1)

- VaekIbe®: (ab)er
(7) eP(V) & {vb c®,daeck: (ab) et
023 P 24y, T T :
0} P(c) {24}, ded £ A
({1230, {04) gP(<). B e
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Example: P (1)

hP)eP(W) &

- Vaek3be?: (ab) et
vbe®,Inchk: (ab) e

{113} P(<) {2.4}.
{0} P(<) {24} |
({1,2,3},{0,4}) ¢P(<). 0
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Example: P (1)

- VaekIbe®: (ab)er

(kP) P < {vb c®,daeck: (ab) et
{23} P(<) {2,4}. B ».: ...... 0
0} P(<) {2.4}. L. NV
({L22}.{0,4}) ¢P(<). =~ 2. T i s
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Example: Tg(%)

Let & be some signature with finfe arities.

o€ Tyu(h) s=var(a) | £(e,....n) with a e b, £ € %.
(a,b) € % Vi(e, £) € Te ()
(var (a),var (b)) € Ts(W) (f(ep,- .., en), £(F, ..., f)) € Ts(v)
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Example: Tg(%)

Let & be some signature with finfe arities.

eeTg(h) i=var(a) | £(e,....en) with a € &, £

Exanple: = = {£©),g®, n }and N

f
RN e I\
& h | h
/ N\ : "/----\ ------ -
2. 1.3, .

TU005 00000 oS BERRooaEE 002
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Natural relations

w p:F=esG ‘natural_relation’

p;af. — Foip
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Natural relations

w p:F=esG ‘natural_relation’
p;af. — Foip

w p:F, = G, left-linear relation”

piaf. < Fhoip

SPip = piGh
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Natural relations

w p:F=esG ‘natural_relation’
p;af. — Foip

w p:F, = G, left-linear relation”

piaf. < Fhoip
SPip = piGh
w p:F=q linear_relation”

piah <« Fhip
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Higher order representations

A HO-representation is given by:

w0 poir of Sef-endofunctors € and T3

= a right-inear relation E: T=e= & vhE B — ThE
o natural relafion <: € === & vi eb < — < eb

such that for every sef & R(K) == (T(K),EK), Ep, <) I a
representafion.
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Higher order representations

Equivalent 1o the inferpretation function being
a natural fransformation € = PT.

A HO-representation is given by:

w0 poir of Sef-endofunctors € and T3 )

= a right-inear relation E: T=e= & v E B — ThE
o natural relafion <: € === & vi eb < — < eb

such fnat for every set & R(Y) == (TN, E(N. By, <) is}
representafion.
e e = Ef(e) S EfE).
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Higher order representations

Equivalent to the inferprefation function being
a natural fransformation € = PT.

A HO-representation is given by:

w0 poir of Sef-endofunctors € and T3 )

= a right-inear relation E: T=e= & v E B — ThE
o natural relafion <: € === & vi eb < — < eb

such that for every sef & R(K) :== (T(K),E(K), En, <) ig/x
representafion.
e e = Ef(e) S EfE).

Theorem
HO-representations are exactly the functors Set — Repr.
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Overlaying representations

Can we use HO-representations fo get functors Repr — Repr?
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Overlaying representations

Can we use HO-representations fo get functors Repr — Repr?

Yesl Lefs do it
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Overlayed representations

Let R = (T.€,E, <) be an HO-representation.
R is defined on an object R = (T,E, ., <) as

RR) = (T1).E(8). I, 5).

with: 1E:="T(E); E and = (€< + g)*&
reflexive-transitive. closure

The image of a morphism s R(f,9) = (TF.€9).
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Overlayed representations

Let R = (T.€,E, <) be an HO-representation.
R is defined on an object R = (T,E, ., <) as

RR) = (T1).E(8). I, 5).

with: 1E:="T(E); E and = (€< + é)*K
reflexive-transifive. closure

The image of a morphism s R(f,9) = (TF.€9).

lemma
R is a functor Repr — Repr.
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What about exactness?

= In generol, R is not exactness preserving, even i R(K) is always
exact.
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What about exactness?

= In generol, R is not exactness preserving, even i R(K) is always
exact.

e We con get exactness preserving functors on sub-cateqories, €.4.
ideal_representations:

<T7E’ ﬁs L, §>
with < a preorder on Tond 1:E — T.

E e 07

le. le)={teT | t<ie)}).
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What about exactness?

= In generol, R is not exactness preserving, even i R(K) is always
exact.

e We con get exactness preserving functors on sub-cateqories, €.4.
ideal_representations:

<T7E’ ﬁs L, §>
with < a preorder on Tond 1:E — T.

F e I

le. I(e) ={teT | t<ile)}.
e More work to be done..
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Representations
Plan

|. Background
I. Representations
Il. Reductions

V. Hoher order representafions

W V. Conclusion

Pl Brunef 4b/49



Representations: features

e Bundeing fogethner synfax + semantics
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w Pint-free theory trough relation algebra
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w Hoh-level/clutter—free prespective
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Representations: features

e Bundeing fogethner synfax + semantics
w Pint-free theory trough relation algebra
w General proof fechniques €. reductions
w Hoh-level/clutter—free prespective

w Hgher-order extensions

Pl Brunef
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Going forwards

e Fopulating the model
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Going forwards

e Fopulating the model
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Going forwards

e Fopulating the model
e laxonomy of representations
e More exactness preserving constructions

e Within reach: multi Kleene algebra, with v sequential
products/stors and wm porallel products/stors.
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That's all folks!

Mercl de votre aftention!

https://paul.brunet-zamansky.fr
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