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Slogan
Relation algebra is a good meta-langage for

system analysis.

concise
elegant
offers generalisations

..... 



Model-Checking, relationally 2

This talk:
Various useful concepts and results relevant to system analysis can be formulated/
proved in a “simple” algebraic langage, inspired by Tarski’s Relation Algebra.

.......... 
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I - Preliminaries

II - Specifications
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VI - Adequacy
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................ 
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I - Preliminaries

..................... 



Relation algebra 5

Binary relations ∼ sets of pairs:
𝑥 : 𝐴→∘ 𝐵 means 𝑥 ⊆ 𝐴×𝐵

........................... 



Relation algebra 5

Binary relations ∼ sets of pairs:
𝑥 : 𝐴→∘ 𝐵 means 𝑥 ⊆ 𝐴×𝐵

Comparison:
𝑥⇾ 𝑦 means 𝑥 ⊆ 𝑦
𝑥⇿ 𝑦 means 𝑥 = 𝑦

........................... 



Relation algebra 6

{
𝑥:𝐴→∘ 𝐵

𝑦:𝐵→∘ 𝐶

𝑧:𝐴→∘ 𝐶
Operators:

identity 1𝐴 : 𝐴→∘ 𝐴 (a.k.a. diagonal):

1𝐴 ≔ {(𝑎, 𝑎) | 𝑎 ∈ 𝐴}

................................ 
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composition 𝑥 ; 𝑦 : 𝐴→∘ 𝐶 :

𝑥 ; 𝑦 ≔ {(𝑎, 𝑐) | ∃𝑏 : (𝑎, 𝑏) ∈ 𝑥& (𝑏, 𝑐) ∈ 𝑦}
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𝑧:𝐴→∘ 𝐶
Operators:

identity 1𝐴 : 𝐴→∘ 𝐴 (a.k.a. diagonal):

1𝐴 ≔ {(𝑎, 𝑎) | 𝑎 ∈ 𝐴}
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𝑥 ; 𝑦 ≔ {(𝑎, 𝑐) | ∃𝑏 : (𝑎, 𝑏) ∈ 𝑥& (𝑏, 𝑐) ∈ 𝑦}

converse 𝑥∘ : 𝐵→∘ 𝐴

𝑥∘ ≔ {(𝑏, 𝑎) | (𝑎, 𝑏) ∈ 𝑥}
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{
𝑥:𝐴→∘ 𝐵

𝑦:𝐵→∘ 𝐶

𝑧:𝐴→∘ 𝐶
Operators:

identity 1𝐴 : 𝐴→∘ 𝐴 (a.k.a. diagonal):

1𝐴 ≔ {(𝑎, 𝑎) | 𝑎 ∈ 𝐴}

composition 𝑥 ; 𝑦 : 𝐴→∘ 𝐶 :

𝑥 ; 𝑦 ≔ {(𝑎, 𝑐) | ∃𝑏 : (𝑎, 𝑏) ∈ 𝑥& (𝑏, 𝑐) ∈ 𝑦}

converse 𝑥∘ : 𝐵→∘ 𝐴

𝑥∘ ≔ {(𝑏, 𝑎) | (𝑎, 𝑏) ∈ 𝑥}

residuals 𝑥 \ 𝑧 and 𝑧 / 𝑦 : later
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{
𝑥:𝐴→∘ 𝐵

𝑦:𝐵→∘ 𝐶

𝑧:𝐴→∘ 𝐶
Operators:

identity 1𝐴 : 𝐴→∘ 𝐴 (a.k.a. diagonal):

1𝐴 ≔ {(𝑎, 𝑎) | 𝑎 ∈ 𝐴}

composition 𝑥 ; 𝑦 : 𝐴→∘ 𝐶 :

𝑥 ; 𝑦 ≔ {(𝑎, 𝑐) | ∃𝑏 : (𝑎, 𝑏) ∈ 𝑥& (𝑏, 𝑐) ∈ 𝑦}

converse 𝑥∘ : 𝐵→∘ 𝐴

𝑥∘ ≔ {(𝑏, 𝑎) | (𝑎, 𝑏) ∈ 𝑥}

residuals 𝑥 \ 𝑧 and 𝑧 / 𝑦 : later
(union + intersection)

................................ 



Relation algebra 7

Axioms → inequational reasoning.

...................................... 



Relation algebra 7

Axioms → inequational reasoning.

logical rules 𝑥⇾𝑥
𝑥⇾ 𝑦 𝑦⇾ 𝑧

𝑥⇾ 𝑧
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Axioms → inequational reasoning.

logical rules 𝑥⇾𝑥
𝑥⇾ 𝑦 𝑦⇾ 𝑧

𝑥⇾ 𝑧

monoid laws 1𝐴 ; 𝑥⇿𝑥 ; 1𝐵⇿𝑥 (𝑥 ; 𝑦); 𝑧 ⇿ 𝑥 ; (𝑦 ; 𝑧)
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Axioms → inequational reasoning.

logical rules 𝑥⇾𝑥
𝑥⇾ 𝑦 𝑦⇾ 𝑧

𝑥⇾ 𝑧

monoid laws 1𝐴 ; 𝑥⇿𝑥 ; 1𝐵⇿𝑥 (𝑥 ; 𝑦); 𝑧 ⇿ 𝑥 ; (𝑦 ; 𝑧)

monotonicity
𝑥⇾𝑥′ 𝑦 ⇾ 𝑦′

𝑥 ; 𝑦 ⇾ 𝑥′ ; 𝑦′
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logical rules 𝑥⇾𝑥
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monotonicity
𝑥⇾𝑥′ 𝑦 ⇾ 𝑦′

𝑥 ; 𝑦 ⇾ 𝑥′ ; 𝑦′

converse
𝑥⇾ 𝑦
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(𝑥 ; 𝑦)∘⇿𝑦∘ ; 𝑥∘ 𝑥∘∘⇿𝑥

(𝑥 ; 𝑥∘; 𝑥⇾𝑥)
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Axioms → inequational reasoning.

logical rules 𝑥⇾𝑥
𝑥⇾ 𝑦 𝑦⇾ 𝑧

𝑥⇾ 𝑧
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(𝑥 ; 𝑥∘; 𝑥⇾𝑥)

intersection: just a meet 𝑥 ∩ 𝑦 ⇾ 𝑥, 𝑦 𝑧 ⇾ 𝑥 𝑧⇾ 𝑦

𝑧⇾𝑥 ∩ 𝑦

...................................... 



Functions 8

{
𝑓:𝐴→𝐵
𝑔:𝐵→𝐶

𝑓∗ : 𝐴→∘ 𝐵 ≔ {(𝑎, 𝑓(𝑎)) | 𝑎 ∈ 𝐴} (graph of 𝑓 )
𝑓∗ : 𝐵→∘ 𝐴 ≔ {(𝑓(𝑎), 𝑎) | 𝑎 ∈ 𝐴} (= 𝑓∘

∗ )

........................................... 
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Axiomatically:
Univalence .......................... 𝑓∗; 𝑓∗⇾ 1𝐵
Totality .............................. 1𝐴⇾𝑓∗ ; 𝑓∗
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(𝑔 ∘ 𝑓)∗⇿𝑔∗ ; 𝑓∗

Properties:
Injectivity .......................... 𝑓∗ ; 𝑓∗⇾ 1𝐴
Surjectivity ...................... 1𝐵⇾𝑓∗ ; 𝑓∗
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{
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∗ )
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Univalence .......................... 𝑓∗; 𝑓∗⇾ 1𝐵
Totality .............................. 1𝐴⇾𝑓∗ ; 𝑓∗

Monoid homomorphism:
id∗
𝐴⇿ 1𝐴

(𝑔 ∘ 𝑓)∗⇿𝑔∗ ; 𝑓∗

Properties:
Injectivity .......................... 𝑓∗ ; 𝑓∗⇾ 1𝐴
Surjectivity ...................... 1𝐵⇾𝑓∗ ; 𝑓∗

Lemma

∀𝑥 : 𝐴→∘ 𝐵,

∃𝑦 :
{
𝑦 ; 𝑥⇾ 1
1⇾𝑥 ; 𝑦 ⇔ ∃𝑓 : 𝑥⇿ 𝑓∗

........................................... 



Residuals 9

{
𝑥:𝐴→∘ 𝐵

𝑦:𝐵→∘ 𝐶

𝑧:𝐴→∘ 𝐶

𝑦 ⇾ 𝑥 \ 𝑧 ⇔ 𝑥 ; 𝑦 ⇾ 𝑧 ⇔ 𝑥⇾ 𝑧 / 𝑦

................................................. 



Residuals 9

{
𝑥:𝐴→∘ 𝐵

𝑦:𝐵→∘ 𝐶

𝑧:𝐴→∘ 𝐶

𝑦 ⇾ 𝑥 \ 𝑧 ⇔ 𝑥 ; 𝑦 ⇾ 𝑧 ⇔ 𝑥⇾ 𝑧 / 𝑦

𝑥 \ 𝑧 ≔ {(𝑏, 𝑐) | ∀𝑎, (𝑎, 𝑏) ∈ 𝑥⇒ (𝑎, 𝑐) ∈ 𝑧}
𝑧 / 𝑦 ≔ {(𝑎, 𝑏) | ∀𝑐, (𝑏, 𝑐) ∈ 𝑦 ⇒ (𝑎, 𝑐) ∈ 𝑧}

Important example:
∈ \ ∈⇿⊆

𝐵 ∈ \ ∈𝐶 ⇔ (∀𝑎, 𝑎 ∈ 𝐵 ⇒ 𝑎 ∈ 𝐶) ⇔ 𝐵 ⊆ 𝐶

................................................. 
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II - Specifications

...................................................... 
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⊨: ℳ︁ →∘ Φ
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⊨: ℳ︁ →∘ Φ

… just some binary relation.

Definition

⟦𝜑⟧⊨ ≔ {𝑚 ∈ ℳ︁ | 𝑚 ⊨ 𝜑}
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⊨: ℳ︁ →∘ Φ

… just some binary relation.

Definition

⟦𝜑⟧⊨ ≔ {𝑚 ∈ ℳ︁ | 𝑚 ⊨ 𝜑}

Remark

Let 𝑓 : Φ → 𝒫︀(ℳ︁), define ⊨𝑓 : ℳ︁ →∘ Φ as ∈ ; 𝑓∗. Then :

⊨⇿⊨⟦−⟧⊨ 𝑓 = ⟦−⟧⊨𝑓

............................................................ 
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𝑁 : Petri Nets 𝐹 : LTL formulae 𝑇 : Traces

⟦−⟧ : 𝑁 + 𝐹 → 𝒫︀(𝑇 )
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𝑡 ⊨𝑁 𝑛 means 𝑡 ∈ ⟦𝑛⟧ 𝑡 ⊨𝐹 𝑓 means 𝑡 ∈ ⟦𝑓⟧
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𝑁 : Petri Nets 𝐹 : LTL formulae 𝑇 : Traces

⟦−⟧ : 𝑁 + 𝐹 → 𝒫︀(𝑇 )

⊨𝑁 : 𝑇 →∘ 𝑁 ⊨𝐹 : 𝑇 →∘ 𝐹

𝑡 ⊨𝑁 𝑛 means 𝑡 ∈ ⟦𝑛⟧ 𝑡 ⊨𝐹 𝑓 means 𝑡 ∈ ⟦𝑓⟧

Then, 𝑛 ⊨𝑁 \ ⊨𝐹 𝑓 means ⟦𝑛⟧ ⊆ ⟦𝑓⟧, i.e. ⟦𝑛⟧ ∩ ⟦𝑓⟧ = ∅

⇒ 𝑛 ⊨ 𝑓 .

................................................................. 
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Pnueli’85 →  two main ways to define a satisfaction relation:
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𝑡 ⊨ ○ 𝜑⇔ ∃𝑎, 𝑡′ : 𝑡 = 𝑎.𝑡′  and 𝑡′ ⊨ 𝜑
𝑡 ⊨ 𝜑𝚄𝜓⇔ …

through intermediate semantics : ⊨≔⊨ℳ︁ \ ⊨Φ

....................................................................... 
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⊨: ℳ︁ →∘ Φ
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III - Axiomatisation
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(ℳ︁, Φ,⊨,⩽)

set of models ℳ︁ and a set of formulae Φ.
a satisfaction relation ⊨: ℳ︁ →∘ Φ and an order ⩽: Φ →∘ Φ s.t.:
‣ ⩽ is reflexive and transitive;
‣ ⩽ is sound w.r.t. ⊨ i.e. 𝜑 ⩽ 𝜓 implies ⟦𝜑⟧ ⊆ ⟦𝜓⟧.
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Representations 16

(ℳ︁, Φ,⊨,⩽)

set of models ℳ︁ and a set of formulae Φ.
a satisfaction relation ⊨: ℳ︁ →∘ Φ and an order ⩽: Φ →∘ Φ s.t.:
‣ ⩽ is reflexive and transitive;
‣ ⩽ is sound w.r.t. ⊨ i.e. 𝜑 ⩽ 𝜓 implies ⟦𝜑⟧ ⊆ ⟦𝜓⟧.
completeness of ⩽ w.r.t. ⊨: if ⟦𝜑⟧ ⊆ ⟦𝜓⟧, then 𝜑 ⩽ 𝜓.

....................................................................................... 
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1⇾⩽

reflexivity
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17

1⇾⩽

reflexivity

⩽;⩽⇾⩽

transitivity
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17

1⇾⩽

reflexivity

⩽;⩽⇾⩽

transitivity

⩽⇾≲

soundness
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17

1⇾⩽

reflexivity

⩽;⩽⇾⩽

transitivity

⩽⇾≲

soundness

≲⇾⩽

completeness

............................................................................................. 



Representations 18

(ℳ︁, Φ,⊨,⩽)

(reflexivity)
1⇾⩽

(transitivity)
⩽;⩽⇾⩽

⩽⇾≲
(soundness)

≲⇾⩽
(completeness)

Preorder + soundness →  representation
… + completeness →  exact representation

.................................................................................................. 



In “practice” 19

⩽ can be several things:
result of some algorithm ⩽≔ {(𝑛,𝑚) | 𝚌𝚘𝚖𝚙𝚊𝚛𝚎(𝑛,𝑚) = 𝚝𝚛𝚞𝚎};
axiomatic relation ⩽≔ {(𝜑,𝜓) | ⊢ 𝜑→ 𝜓};
…
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In “practice” 19

⩽ can be several things:
result of some algorithm ⩽≔ {(𝑛,𝑚) | 𝚌𝚘𝚖𝚙𝚊𝚛𝚎(𝑛,𝑚) = 𝚝𝚛𝚞𝚎};
axiomatic relation ⩽≔ {(𝜑,𝜓) | ⊢ 𝜑→ 𝜓};
…

Exact representations →  characterising semantic contaiment.

........................................................................................................ 



Exemples 20

FO logic:
‣ fix some (functional) signature Σ
‣ let ℳ︁ be relational structures over Σ
‣ let Φ be closed FO formulas over Σ.
‣ ⊨ is defined as usual
‣ 𝜑 ⩽ 𝜓 means ∃𝜋 : 𝜑 ⊢ 𝜓

Gödel’s completeness theorem:
This is an exact representation.

............................................................................................................. 



Exemples 21

Kleene algebra
‣ fix some alphabet 𝐴
‣ let ℳ︁ ≔ 𝐴⋆ be words over 𝐴
‣ let Φ ≔ Reg(𝐴) be the set of regular expressions over 𝐴
‣ 𝑤 ⊨ 𝑒 means 𝑤 ∈ ℒ︁(𝑒)
‣ 𝑒 ⩽ 𝑓 means KA ⊢ 𝑒 ⩽ 𝑓 where KA is (for instance) Kozen’s axioms

Kozen’s completeness theorem:
This is an exact representation.

................................................................................................................... 



Exemples 22

concurrent Kleene algebra
‣ fix some set of actions 𝐴
‣ let ℳ︁ ≔ Pom(𝐴) be pomsets over 𝐴
‣ for formulae: 𝑒, 𝑓 ∈ Φ ⩴ 𝑎 | 0 | 1 | 𝑒 ⋅ 𝑓 | 𝑒 ‖ 𝑓 | 𝑒+ 𝑓 | 𝑒⋆
‣ 𝑝 ⊨ 𝑒 means 𝑝 ∈ ⟦𝑒⟧CKA
‣ 𝑒 ⩽ 𝑓 means CKA ⊢ 𝑒 ⩽ 𝑓 where CKA is the appropriate set of axioms.

Kappé et al’s completeness theorem:
This is an exact representation.

........................................................................................................................ 



Exemples 23

Automata comparison
‣ fix some finite alphabet 𝐴
‣ ℳ︁ ≔ 𝐴⋆

‣ take DFAs over 𝐴 as formulae Φ
‣ 𝑤 ⊨ 𝒜︁ iff 𝑤 ∈ ⟦𝒜︁⟧
‣ 𝒜︁ ⩽ ℬ︁ iff ℬ︁ can simulate 𝒜︁

Rutten:
This is an exact representation.

.............................................................................................................................. 



Reductions 24

A deductively complete proof technique to establish exactness.

Let 𝑟 = (ℳ︁, Φ,⊨,⩽) and 𝑟′ = (ℳ︁′, Φ′,⊨′,⩽′) be representations.

Definition

A reduction 𝑟 ⟿ 𝑟′ is a triple 𝒻︀,ℊ︀,𝓇︀ where:

𝒻︀ : Φ → Φ′ ℊ︀ : Φ′ → Φ 𝓇︀ : ℳ︁′ →∘ ℳ︁

and subject to the conditions:

⊨′;𝒻︀∗⇿𝓇︀;⊨ ℊ︀∗;⩽′⇾⩽;ℊ︀∗

ℊ︀∗;𝒻︀∗⇾⩽ ℊ︀∗;𝒻︀∗⇾⩾

................................................................................................................................... 



Reductions 25

Lemma

𝑟 is exact iff there is a reduction from 𝑟 to some exact 
representation.

Many proofs from the litterature can be recast as instances:
Proof of completeness of KAT [Kozen & Smith, CSL 1997]
Proof of completeness of SKA [Wagemaker et al., MPC 2019]
Proof of completeness of CKA [Kappé et al., CONCUR 2018]
reductions in KA+hypothesis [Pous et al., RAMiCS 2021]

......................................................................................................................................... 
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IV - Expressivity

.............................................................................................................................................. 



Characteristic formulae 27

Pnueli’85, but with our notations:

Let 𝑟 be a representation, containing a model 𝑚 ∈ ℳ︁ and a formula 
𝜑 ∈ Φ. 𝜑 is characteristic for 𝑚 iff
1. for any model 𝑚′ , 𝑚′ ⊨ 𝜑 iff Th(𝑚) = Th(𝑚′),
2. for any formula 𝜓, 𝑚 ⊨ 𝜓 iff 𝜑 ⩽ 𝜓.

The logic Φ is expressive for the process language ℳ︁ iff
3. every model 𝑚 admits a characteristic formula 𝜑(𝑚).

.................................................................................................................................................... 



Characteristic formulae 28

□ ≔⊑ ∩ ⊒

1. for any model 𝑚′ , 𝑚′ ⊨ 𝜑 iff Th(𝑚) = Th(𝑚′),
2. for any formula 𝜓, 𝑚 ⊨ 𝜓 iff 𝜑 ⩽ 𝜓.

The logic Φ is expressive for the process language ℳ︁ iff
3. every model 𝑚 admits a characteristic formula 𝜑(𝑚).

......................................................................................................................................................... 



Characteristic formulae 28

□ ≔⊑ ∩ ⊒

1. for any model 𝑚′ , 𝑚′ ⊨ 𝜑 iff Th(𝑚) = Th(𝑚′),
2. for any formula 𝜓, 𝑚 ⊨ 𝜓 iff 𝜑 ⩽ 𝜓.

The logic Φ is expressive for the process language ℳ︁ iff
3. every model 𝑚 admits a characteristic formula 𝜑(𝑚).

Reformulated with 𝑚 ⊢ 𝜑 meaning “𝜑 is characteristic for 𝑚”

1. ⊨ ; ⊣⇿□
2. ⊨⇿⊢ ; ⩽
3. ∃𝜑 : ℳ︁ → Φ, 𝜑∗⇾⊢

......................................................................................................................................................... 



Expressive representations 29

A consequence of Pnueli’s definitions: ⊑⇿⊒
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A consequence of Pnueli’s definitions: ⊑⇿⊒

Lemma
Expressive representations are symmetric.
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A consequence of Pnueli’s definitions: ⊑⇿⊒

Lemma
Expressive representations are symmetric.

Remark:

If the logic Φ has negation, then the theory is symmetric:
Assume Th(𝑚) ⊆ Th(𝑚′)
Then 𝜑 ∈ Th(𝑚′) ⇔ ¬𝜑 ∉ Th(𝑚′) ⇒ ¬𝜑 ∉ Th(𝑚) ⇔ 𝜑 ∈ Th(m).

............................................................................................................................................................... 



Weakly expressive representations 30

Aceto 2019:
1. for any model 𝑚′ , 𝑚′ ⊨ 𝜑 iff Th(𝑚) ⊆ Th(𝑚′), i.e. ⊩ ; ⫤⇿⊒.

.................................................................................................................................................................... 
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Aceto 2019:
1. for any model 𝑚′ , 𝑚′ ⊨ 𝜑 iff Th(𝑚) ⊆ Th(𝑚′), i.e. ⊩ ; ⫤⇿⊒.

Brunet Fahrenberg:
a weakly expressive representation can be given as

(ℳ︁, Φ,⊩,⩽)

where ⊩: ℳ︁ →∘ Φ such that:

1. ⊩ is total .........................................................................................................................1ℳ︁⇾⊩ ; ⊩
2. ⊩ is univalent up-to ⩽................................................................................................... ⊩; ⊩⇾⩽
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Weakly expressive representations 30

Aceto 2019:
1. for any model 𝑚′ , 𝑚′ ⊨ 𝜑 iff Th(𝑚) ⊆ Th(𝑚′), i.e. ⊩ ; ⫤⇿⊒.

Brunet Fahrenberg:
a weakly expressive representation can be given as

(ℳ︁, Φ,⊩,⩽)

where ⊩: ℳ︁ →∘ Φ such that:

1. ⊩ is total .........................................................................................................................1ℳ︁⇾⊩ ; ⊩
2. ⊩ is univalent up-to ⩽................................................................................................... ⊩; ⊩⇾⩽

… then read Aceto : stuff ensues.

.................................................................................................................................................................... 
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V - Translations

.......................................................................................................................................................................... 



Context 32

𝑖 ∈ {1, 2}

⊨Φ: 𝒯︁ →∘ Φ
⊨ℳ︁
𝑖 : 𝒯︁ →∘ ℳ︁𝑖

⊨𝑖 ≔⊨
ℳ︁
𝑖 \ ⊨Φ
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Context 32

𝑖 ∈ {1, 2}

⊨Φ: 𝒯︁ →∘ Φ
⊨ℳ︁
𝑖 : 𝒯︁ →∘ ℳ︁𝑖

⊨𝑖 ≔⊨
ℳ︁
𝑖 \ ⊨Φ

Assume I have an algo to model-check ℳ︁2 , i.e. to decide ⊨2.
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⊨Φ: 𝒯︁ →∘ Φ
⊨ℳ︁
𝑖 : 𝒯︁ →∘ ℳ︁𝑖

⊨𝑖 ≔⊨
ℳ︁
𝑖 \ ⊨Φ

Assume I have an algo to model-check ℳ︁2 , i.e. to decide ⊨2.
I want to to the same for ⊨1.
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𝑖 ∈ {1, 2}

⊨Φ: 𝒯︁ →∘ Φ
⊨ℳ︁
𝑖 : 𝒯︁ →∘ ℳ︁𝑖

⊨𝑖 ≔⊨
ℳ︁
𝑖 \ ⊨Φ

Assume I have an algo to model-check ℳ︁2 , i.e. to decide ⊨2.
I want to to the same for ⊨1.

............................................................................................................................................................................... 



Translation 33

I need 𝜏 : ℳ︁1 → ℳ︁2 such that

⊨ℳ︁
2 ; 𝜏 ∗⇿ (⊨Φ / ⊨Φ) ; ⊨ℳ︁

1

..................................................................................................................................................................................... 



Translation 33

I need 𝜏 : ℳ︁1 → ℳ︁2 such that

⊨ℳ︁
2 ; 𝜏 ∗⇿ (⊨Φ / ⊨Φ) ; ⊨ℳ︁

1

→  ensures that ⊨1⇿𝜏∗ ; ⊨2 , i.e. to check 𝑚 ⊨1 𝜑 it is enough to check 𝜏(𝑚) ⊨2
𝜑.

→  weaker than ⊨ℳ︁
2 ; 𝜏 ∗⇿⊨ℳ︁

1 , i.e. ⟦𝜏(𝑚)⟧2 = ⟦𝑚⟧1.

..................................................................................................................................................................................... 
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VI - Adequacy

.......................................................................................................................................................................................... 



Let us recall Hennessy-Milner 35

⊨: ℳ︁ →∘ Φ

Theorem (Hennessy-Milner)

𝑚 is bisimilar to 𝑚′ ⇔ Th(𝑚) = Th(𝑚′).

More interesting for us:

Theorem (Beohar et al., 2023)

𝑚 simulates 𝑚′ ⇔ Th(𝑚) ⊇ Th(𝑚′).1

1For a “suitable” logic.
................................................................................................................................................................................................ 



Simulation 36

Let 𝐴 be a set of actions and 𝑆 be a set of states
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LTS: 𝐴-indexed collection of relations Δ𝑎 : 𝑆→∘ 𝑆
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Simulation 36

Let 𝐴 be a set of actions and 𝑆 be a set of states

LTS: 𝐴-indexed collection of relations Δ𝑎 : 𝑆→∘ 𝑆

simulation: relation ⪯: 𝑆→∘ 𝑆 such that

∀𝑠, 𝑡, 𝑎, 𝑠 ⪯ 𝑡∧ 𝑠Δ𝑎 𝑠′ ⇒ ∃𝑡′ : 𝑡Δ𝑎 𝑡′ ∧ 𝑠′ ⪯ 𝑡′

..................................................................................................................................................................................................... 



Simulation 36

Let 𝐴 be a set of actions and 𝑆 be a set of states

LTS: 𝐴-indexed collection of relations Δ𝑎 : 𝑆→∘ 𝑆

simulation: relation ⪯: 𝑆→∘ 𝑆 such that

∀𝑠, 𝑡, 𝑎, 𝑠 ⪯ 𝑡∧ 𝑠Δ𝑎 𝑠′ ⇒ ∃𝑡′ : 𝑡Δ𝑎 𝑡′ ∧ 𝑠′ ⪯ 𝑡′ ..................................∀𝑎, Δ∘
𝑎; ⪯⇾⪯ ; Δ∘

𝑎
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Simulation 36

Let 𝐴 be a set of actions and 𝑆 be a set of states

LTS: 𝐴-indexed collection of relations Δ𝑎 : 𝑆→∘ 𝑆

simulation: relation ⪯: 𝑆→∘ 𝑆 such that

∀𝑠, 𝑡, 𝑎, 𝑠 ⪯ 𝑡∧ 𝑠Δ𝑎 𝑠′ ⇒ ∃𝑡′ : 𝑡Δ𝑎 𝑡′ ∧ 𝑠′ ⪯ 𝑡′ ..................................∀𝑎, Δ∘
𝑎; ⪯⇾⪯ ; Δ∘

𝑎

≾ is the union of all simulations.

N.B.: ≾ is not itself a simulation.

..................................................................................................................................................................................................... 



Hennessy-Milner “à la” preorder 37

≾⇿⊒

≾⇾⊒:

⊒⇾≾:

........................................................................................................................................................................................................... 
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≾⇾⊒:

⇔ ≾⇾ (⫤ \ ⫤) ⇔ ⫤ ; ≾⇾⫤ ⇔ ∀ ⪯, ⫤ ; ⪯⇾⫤

Then: induction on 𝜑 to check ∀𝑝, 𝑞, 𝑝 ⊨ 𝜑∧ 𝑝 ⪯ 𝑞 ⇒ 𝑞 ⊨ 𝜑

⊒⇾≾:
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Then: induction on 𝜑 to check ∀𝑝, 𝑞, 𝑝 ⊨ 𝜑∧ 𝑝 ⪯ 𝑞 ⇒ 𝑞 ⊨ 𝜑

⊒⇾≾:

⇐ ⊒  is a simulation
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Hennessy-Milner “à la” preorder 37

≾⇿⊒

≾⇾⊒:

⇔ ≾⇾ (⫤ \ ⫤) ⇔ ⫤ ; ≾⇾⫤ ⇔ ∀ ⪯, ⫤ ; ⪯⇾⫤

Then: induction on 𝜑 to check ∀𝑝, 𝑞, 𝑝 ⊨ 𝜑∧ 𝑝 ⪯ 𝑞 ⇒ 𝑞 ⊨ 𝜑

⊒⇾≾:

⇐ ⊒  is a simulation ⇔ ∀𝑎, ⊑ ; Δ𝑎⇾Δ𝑎 ; ⊑
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Hennessy-Milner “à la” preorder 37

≾⇿⊒

≾⇾⊒:

⇔ ≾⇾ (⫤ \ ⫤) ⇔ ⫤ ; ≾⇾⫤ ⇔ ∀ ⪯, ⫤ ; ⪯⇾⫤

Then: induction on 𝜑 to check ∀𝑝, 𝑞, 𝑝 ⊨ 𝜑∧ 𝑝 ⪯ 𝑞 ⇒ 𝑞 ⊨ 𝜑

⊒⇾≾:

⇐ ⊒  is a simulation ⇔ ∀𝑎, ⊑ ; Δ𝑎⇾Δ𝑎 ; ⊑

Then… work in progress.

........................................................................................................................................................................................................... 
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VII - Conclusions

................................................................................................................................................................................................................ 
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… so we can restate, and reprove, older stuff. Why is that interesting?
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Critical analysis 39

… so we can restate, and reprove, older stuff. Why is that interesting?

Because
generalisation: instead of binary relations (i.e. 𝐴×𝐵→ {⊤, ⊥}), I can take 𝐴×
𝐵→ 𝒱︀, where 𝒱︀ is an appropriate set of values,
beauty of the proofs: equational proofs are better than verbose ones,
formalisation: equational proofs are easy to machine check.

...................................................................................................................................................................................................................... 
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a calculus of representations
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For the future 40

a calculus of representations

a library of formal proofs

a paper about the contents of this talk

…insert your research here…

........................................................................................................................................................................................................................... 
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