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This talk

Various useful concepts and results relevant to system analysis can be formulated/
eroved in & ‘simele’ algebraic langage, inspired by Tarskis Relation Qlﬁebra.
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Comparison:
B r—y means x C y
B 14y means x =y
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OPera’rors
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B composition z ; y: A e C:
z;y:=1{la,c)|3b:(a,b) € x&(b,c) € y}
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\o\en’r\hj 14: Ao A cak.a. o\\aﬂonal) e
14 :={(a,a) | a € A}
B composition z ; y: A e C:
Loy i=1(a,c)db:la,b) € & (b,c) &y}
B converse z°: Be A

= {(b> a), | (CL, b) = CU}
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[ composition z 5 y: A e C:
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B residuals  \ z and z / y: later



r:A©S? B
oPera’rors g C

\o\en’r\’rﬁ 14: Ao A CaX.a. o\\aﬁonal) e
1a:={(a,a)|ac A}
B composition z ; y: A e C:
x;y:={(a,c)|I:(a,b) € x & (b,c) € y}
B converse z°: Bey A
={(b,a) | (a,d) € x}

B residuals ¢ \ z and z / y: later
B (Cunion + intersection)
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Axioms — inequational reason\nﬁ.
Ty yY—+z

g |03'\cal rules xr—>x
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% f,: Ao Bi={(a,f(a)) |a€ 4 Caph of
= f*:B o A:={(f(a),a) | a € A} (= £?)



B f : Ao B:={(a, f(a))]|aec A}
= f*: B oy Ai={(f(a),a) | a € Al

ﬁx‘\omaﬂcalltj:
B DOV AIO (00 iibinsmsesenssasaiiuts f* fe—1pB
] LU —— Ta—fo; [
ffA— B
g:B—C

(3?6\0\\ of f)
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B f : Ao B:={(a, f(a))]|aec A}
= f*: B oy Ai={(f(a),a) | a € Al

ﬁx‘\omaﬂcalltj:
B DOV AIO (00 iibinsmsesenssasaiiuts f* fe—1pB
] LU —— Ta—fo; [

Monoid homomorph'\smr
" (g5 [} ch gl
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B f : Ao B:={(a, f(a))]|aec A}
= f*: B oy Ai={(f(a),a) | a € Al

ﬁx‘\omaﬂcalltj:
B DOV AIO (00 iibinsmsesenssasaiiuts f* fe—1pB
] LU —— Ta—fo; [

Monoid homomorph'\smr
" (g5 [} ch gl

'ProPer’r'\es:

(= \_n\'\ec’r'\v‘\’r&j

(= Sur\\ecﬂv\’r&j
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B f : Ao B:={(a, f(a))]|aec A}
= f*: B oy Ai={(f(a),a) | a € Al

ﬁx‘\omaﬂcalltj:
B DOV AIO (00 iibinsmsesenssasaiiuts f* fe—1pB
] LU —— Ta—fo; [

Monoid homomorph'\smr
" (g5 [} ch gl

C 3?6\0\\ of f)

(= 1<)
'ProPer’r'\es,:

(= \_n\‘\ec’r'\v‘ﬁr&j .......................... . bl
(= Sur\\ecﬂv'ﬁr&j ...................... e
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Vor: Ao B,
s .
Jy - {1_M:;y(:)5|f.x4—t>f*
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G A< B
y:B o7 C
\z:A-eéC

7\

YTz & Tl = x—z/y

r \ z2:={(bc)]|Va,(a,b) € z= (a,¢) € 2}
Z/y::{(a>b) ’\VIC)(b)C) Sl (CL,C) = Z}

\m\ooﬁ‘arﬁ' Qxém(aler
& c\ €+ C

Be\eC& (Va,ae B=ace(C)& BCC
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\‘)us’r some b'\nartj relation.

EMe P

De finition

L]l

{meM|mE ¢}
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EMe P

\‘)us’r some b'\nartj relation.

De finition

[e]- == {m € M | m E ¢}

Remark |
tet f D i P -detineis S oy d as e o, Tihen

P e i = el
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N : Petri bets

F : (L formulae

[-]: N+ F—PT)

T : Traces
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F : (L formulae T : Traces

[-]: N+ F—PT)

EN. T oy N =T o B

t EV n means t € [n] t EY f means ¢ € [f]
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N : Petri bets F : (L formulae T : Traces

[-]: N+ F—PT)

=NV: T e N =T o F
t EN n means ¢ € [n] t ' f roeans ¢ € [f]
Then, nEY \ EF f means [n] C [f] we. [n] N [f] = @
— B

12



Pouelizgs — two Mmain wags to define a satisfaction relation:
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(~ o\'\redhj

t € [n] if 3m : my(n) Ln m

Vi, t F true
t Fo et
tFoNYStFEp and tEY
tE—p St @
tEOp & da,tiit=ad and t'E ¢
tE ol & e
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Pouelizs — two main wags to define a satisfaction relation:
(= o\'\recﬂj

Vi, t F true

t Fo et
tFoNYStFEp and tEY
tE—p St @

tEOp & da,tiit=ad and t'E ¢

tE ol & e

t € [n] if 3m : my(n) Ln m

(= +hrou3h intfermediate semantics : E:= EM \ =



EMe O

[[gp]]::{méj\/ﬂml:go}

Th(m) :={p € ® | mF p}.
Qs e ey by
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Definitions

....................................................... semantic contaiment

log\cal oro\er‘\nﬁ
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F:Me» ®
Definitions
“SEOFT Lo SRR e e semantic contaiment
B R = R R e R R logical oro\er‘\nﬁ

B p < ) means [¢] C [¢]
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[o] :={m € M |m E o}
Th(m) :={p € ® | mF p}.

................... by
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Definitions
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semantic contaiment

............ log\cal oro\er‘\nﬁ

& < ¢ means [¢] € [¢]
B m C n means Th(m) D Th(n)
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WC101LS

(M) (D) IZ) <)

B cet of models M and a set of formulae P,

[ a satisfaction relation F: M o3 @ and an order <: @ e @ .t

» < is redlexive and transitive;

» < is sound wiet F el ¢ < 9 implies o] C 9]
B completeness of < wird = € ] C 9], then ¢ < 9,

16
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reflexivity

1=+ <

<=+ =<

transitivity

-

<

_P

<

completeness
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ACLONS
(M) (D) IZ) <)
¢ reQex‘\v\Jrﬁ) ¢ ‘rrans‘\’r‘\v‘\’r\j)
e e
= S
(soundne ss) - (completeness)

B Preorder + soundness — representation
[~ B com\ole’reness — exact rePresen’ra’r\on
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< can be several ’rh'\nﬁs.:

B result of some alfjor'\+hm <:={(n,m) | compare(n,m) = true};
B axiomatic relation <:={(p, ¥) | = ¢ = 1};

EE L.
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< can be several ’rh'\nﬁs.:
B result of some alfjor'\+hm <:={(n,m) | compare(n,m) = true};

B axiomatic relation <:={(p, ¥) | = ¢ = 1};
EE L.

Exact representations — charac’rer‘\s\nﬁ semantic contaiment,

19



N
RNRRRNRNY

B TO IOS’\C:
» Lix some (kunctional) ana’mr@ %
» let M be relational structures over L
» et @ be closed Fo formulas over 2.
» E is defined as usual
» 0 <Y means dr i Y

Gqoaels completeness theorem:
EE- This is an exact re(aresen’raﬂon.

20



= Kleene alf)ebra
» Lix some al(ahab@“ A
let M := A* be words over A

et @ :=Reg(A) be the set of requiar expressions over A
» wF e means w € L(e)

» ¢ < f means KA F e < f where KA is (for instance) Kozens axioms

\ /

v

Kozens completeness theorem:
EE- This is an exact re(aresen’raﬂon.

24



- concurrent Kleene alﬁebra
» Lix some set of actions A
et M := Pom(A) be pomsets over A
for formuae: e, f e P u=a |0 |1 |e-flel fle+ f]e
p E e means p € [e]cka
» e < [ means CKA F e < f where CKA is the dppropriate set of axioms.

\ /

v

v

Kaﬂoé et als completeness theorem:
- This i an exact representation.

o



B Hutomata comparison
» Lix some finite alphabet A
» M = A*
take DFAs over A as formulae @
wkE A & w e [A]
A < B &€ B can simulate A

v

v

v

rutten:
B This is an exact representation.

23



A o\eo\ucﬂvel\j complete proo@ technique fo establish exactness.

et r = (M, &, F, <) and 7 = (M, @', F, <') be representations.

Definition
A reduction r v 1’ is & trigle £, g, 7 where:
£:0— @ g: P — b 7 M oM

and sub\')ec’r to the conditions:

=58 T D i g
AR 7"




DEs

Lerama il

r s exact i€ there is a reduction £rom 7 to some exact
represen’raﬂon.

Mangj Proo?s from the litterature can be recast as instances:

B Proot of completeness of KAT [Kozen & Smith, CSL 499% )
[ Proof of completeness of SKA , [waﬁemaker et al, MPC 2019
B Proof of completeness of (KA [Kappee et al, ConCur 2018 )
B reductions in K9+h3(ao‘rhes\s [Pous et al, RAMICS 2024)
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Pouelizs, but with our notations:

Let 7 be & representation, containing a model m € M and a formula
w € O, ¢ is characteristic for m KL
1 for any model m’, m’' E ¢ & Th(m) = Th(m’),
2. Lor any formula 1, m F 1 & ¢ < .
The logic O is expressive for the process language M &€
3. every model m admits a characteristic formua ¢(m).

S



1 for any rmodel m/, m' E ¢ &€ Th(m) = Th(m/'),
2. for any formula 1, m F 1 &k o < ).

The. logic O is expressive for the process lanquage M &€
3. every model m admits a characteristic formua o(m).

]

T

L]
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1 for any rmodel m/, m' E ¢ &€ Th(m) = Th(m/'),
2. for any formula 1, m F 1 &k o < ).

The. logic O is expressive for the process lanquage M &€
3. every model m admits a characteristic formua o(m).

Reformulated with m = ¢ meaning ‘v is characteristic for m'

O R RS
2 Fb b <
3} dp T M =D, -

]

T

L]

28
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Hixpressive represe

A consequence of Pnuelis definitions: T ¢+ ]

LCrmmA

Express‘\ve rePresen+a+‘\ons are sgmme’rr‘\c.
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e S e k
Expressive represe

A consequence of Pnuelis definitions: T ¢+ ]

LCrmmA

Express‘\ve rePresen+a+‘\ons are sgmme’rr‘\c.

Remark:

\€ the logic D has negation then the ’rheortj s symmetric

B Assume Th(m) C Th(m')

B Then ¢ € Th(m') & —¢ € Th(m') = —p & Th(m) & ¢ € Th(

m).

Il
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f. for any model m’, m' E ¢ & Th(m) C Th(m/), we. IF; 9+ 3,

Brunet ‘Fa‘nrenberﬁ:
B A wea\da ex‘aress‘we represen’raﬂon can be 3‘\ven Qg

(M) (D) ”_) <)
where [ M e @ such that:
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Aceto 204t
f. for any model m’, m' E ¢ & Th(m) C Th(m/), we. IF; 9+ 3,

Brunet ‘Fa‘nrenberﬁ:
B A wea\da ex‘aress‘we represen’raﬂon can be 3‘\ven Qg

(M) (D) ”_) <)
where [ M e @ such that:

4‘ ||_ \S +O+al 00000000000000000000000000000000000000000000000000000000000;00000000000000000000000000000000000000000000000000000000000001M _P ”_ ; _||

Q. ||_ \S un.\\/a|en+ uP—+O <000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000_|| ; “_ _P <

. then read Aceto : stukk ensues,

30
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1 € {1,2}

SHAseEef)
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B Hesume | have an dlgo to model-check My, i.e. to decide F,.
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ED- Jes

E =EM A\ E®

B Hssume | have an dlgo to model-check M, i.e. to decide F,.
B\ want to to the same for F;.
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\ need 7: My — M, such that

= T e (B /ED) BN
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\ need 7: My — M, such that
= T e (B /ED) BN
— ensures that F{ b 7, ; F,, . to check mF; ¢ it is enouﬁh to check 7(m) F,

op

— weaker than BY' ; 7 & BN, e [7(m)], = [m]s.

33
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Theorem ( Hennessa—ﬁ‘\lnev)
m is bisimilar to m’ & Th(m) = Th(m/).

More 'm’rQrQs’r\na for us:

Theorem (Beohar et al, 20393)
m simulates m’ & Th(m) D Th(m/).”

For a "suitable” Io&'\c.

35



et A be a set of actions and S be a set of states
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et A be a set of actions and S be a set of states
B (TS A-indexed collection of relations A, : S o0 S
B simulation: relation <: S e S such that
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et A be a set of actions and S be a set of states
B (TS A-indexed collection of relations A, : S o0 S
B simulation: relation <: S e S such that
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et A be a set of actions and S be a set of states

B (TS A-indexed collection of relations A, : S o0 S

B simulation: relation <: S e S such that

Vst 8Kt/ Ay oo lE A N S Va, A2; < — < : A2
B < is the union of all simulations,

N B: < is not itsell a simulation.

36
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der

e <

L

_P
&/ 3sENA L eE T e oYX e

Then induction on ¢ to check Vp,q, pF O Ap<qg=qF ¢
e ] 5 <
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der

L

_P
& <—=(=H\4) < = =3 & V=, F7Ssba

Then induction on ¢ to check Vp,q, pF O Ap<qg=qF ¢
e ] 5 <

— 1 1s a stimulation

00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

3+



der

e <

L

_P
& <—=(=H\4) < = =3 & V=, F7Ssba

Then induction on ¢ to check Vp,q, pF O Ap<qg=qF ¢
e ] 5 <

= s a-stmulaiton o Je = g o[ A A E
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der

e <

L

_P
& <—=(=H\4) < = =3 & V=, F7Ssba

Then induction on ¢ to check Vp,q, pF O Ap<qg=qF ¢
e ] 5 <

= s a-stmulaiton o Je = g o[ A A E

Then.. work in Progress.

3+
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w 20 WR can restate, and reprove, older stukk, whtj is that '\nJreres’r'\nﬂz.

Because

W generalisation instead of binary relations Cie. Ax B—={T,LD\can take A X
B — 'V, where V is an appropriate set of values,

(= beéu’ftj of the eroofs: equational proots are better than verbose ones,

[ formalisation: equational prooks are easy to machine check.
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a calculus of representations
a I’\brar«j ok formal Proo@s

Q pPaper about the contents of this talk

(==

w3t Your research here...
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