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Relational Operators

identity relation 1
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universal relation T
composition R-S
union RUS
intersection RNS
converse R~
reflexive transitive closure  R*
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Universal laws of relation algebra
Let O be a set, and R, S and T three binary relations over O.
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Universal laws of relation algebra

Introduction

Motivation & Context
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RlET-R-T-S-TCT-S-T-R-T

(RUS)”

-T)N(S-T)

(SAR™-T)

Rel b (1N(R-S))" € R-S-R

Simple and boring
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Regular expressions & languages

Let ¥ ={a, b,...} be a finite alphabet.

Regular expressions

e,f€Reg(X) =0 | 1] a | e-f | eUf| e J

Examples

L(a-(bUc))={ab, ac} L(a-0)=0
L(a")={e,a,aa, ...} ={a" |neN}

10/50
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Automata

Theorem J

Automata equivalence is decidable.
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Kleene Theorem

A language is regular if and only if it is
recognised by an automaton.

o =) :
Stephen Cole Kleene
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Introduction Kleene Algebra

Automata

Automata equivalence is decidable.

Theorem J

Kleene Theorem

A language is regular if and only if it is
recognised by an automaton.

Corollary W2 e
There is an algorithm testing if two regular Stephen Cole Kleene
expressions e and f represent the same

language.
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Introduction Kleene Algebra

Kleene Algebra

A Kleene algebra is an algebraic structure (K, U, -,*,0, 1) such that
» (K,U,-,0,1) is an idempotent semiring.
» The star satisfies the following laws:

lUa-a" < a"

bUa-x<x=a - -b<x

(+ symmetric)

Examples: John Horton Conway

Algebras of languages: the set of languages over some finite alphabet A.

Algebras of relations: the set of binary relations over some set O.

Paul Brunet Relation Algebra 12/50
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Introduction Kleene Algebra

Equivalence of expressions

Everything is equivalent, and decidable

VK,Va, b,c,...e K,e=1?

» Rel = e = f : universal law of relational Kleene algebra.
» Lang = e = f : universal law of language Kleene algebra.

» KA+ e=f: universal law of Kleene algebra.
(i.e. logical consequence of the axioms of KA).

KAke=f

RelFe=f <—————= L(e) = L(f) <————= LangFe=f

decidable
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Extensions of Kleene Algebra

Relational Operators

identity relation . 1
empty relation )
universal relation : T
composition " R-S
union cRUS
intersection RNS
converse N
refl. trans. closure: R*
complement . RS

VYN NOSNS

R I

Kleene algebra

Identity-free
Kleene lattice

Kleene algebra
with converse

Kleene lattice

Bounded Kleene allegory

~ PaulBrunet  Relation Algebra 14/50
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S mweduction | Bxtensions
Equivalence of expressions

Richer expressions e, f.

KAFe=f

Re]':e:f{:}‘g(e):‘g(f) <:Lang):e:f

decidable ?
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L leene Allegory [ Termsandgraphs
Kleene Allegories

e,f€AReg(X) =0 | 1 | a | e-f | enf | eUf | e | e | T

RelEe=f < L(e)=L(f) RelEe=f » L(e)=L(f)

Counterexample

A different approach is needed.
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Kleene Allegory Terms and graphs

Graphs/Ground terms

uveWs =1 |a|lu-v |unv|uv | T

1) =
g( ) _;°—> g(u V) ‘= —>0—G(u)—>0—G(v)—>o0—>
g(a) = —>0———>0—> G(u)
G(U7) = «—0—G(u)—>oe— Glunv) = _)< >
g(T) = —>o0 o—> W

Paul Brunet Relation Algebra 18/50
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Examples

G(a-b) —so—? 4o P
a b

G- Dne ) —< e
c b

G((a-b)N1): a( ?b
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Kleene Allegory Terms and graphs

Examples

G(a-b):

G((a-b)N(c-b)): —>
——
G((a-b)N1): OL

G(anb): —wOv—»
b
a b

G(TaThT): o o o o o o

Paul Brunet Relation Algebra 19/50



Preorder

Preorder on graphs
G <« H if there exists a graph morphism from H to G. J

((anc)-b)nd

(a-b)N(c-b)

~ PaulBrunet  Relation Algebra 20/50



. (KieeneAlegoy Termsandgraphs
Characterization theorem

uveWs:==1]a|lu-v |unv |uv | T

Theorem

RelFuCv & g(u) 4 G(v)

» Freyd & Scedrov, Categories, Allegories, 1990 .

» Andréka & Bredikhin, The equational theory of union-free algebras of relations, 1995



Kleene Allegory Terms and graphs

Graph languages

e,f €AReg(X) =0 | 1 | a | e-f | enf | euf | e | e | T

Ge)={G"[1Geg(e)}
Gle-f)={G-G' | Geg(e) and G' € G(f)}

Glenf)={GNG | Geg(e) and G' € G(f)}

G(0):=10 Geuf):=g(e)ug(r) ge)=1Jg(e)

neN

Paul Brunet Relation Algebra 22/50



. (KieeneAlegoy Termsandgraphs
Characterization theorem

S is the downwards closure of S with respect to «.
S ={G |IHES: G aH}.

Theorem

e, € AReg(X),
Rel = e C f o *G(e) € *6(f)

B. & Pous, Petri automata for Kleene Allegories, LICS'15

Follows easily from:
Andréka, Mikulas & Németi, The equational theory of Kleene lattices, TCS'11

~ PaulBrunet  Relation Algebra 23/50
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Kleene Allegory Petri automata

Petri automata

Set of labels: ¥’ ==Y U{a” [aeZ}U{1, T}

Paul Brunet Relation Algebra 25/50
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L Kleene Allegory [ Petriautomata
Language generated vs. Language recognised

Let A be a finite state word automaton.

The language of A is:
» the set of words accepted by A; recognised
» the set of words labelling accepting paths in A. generated

~ PaulBrunet  Relation Algebra 26/50



Kleene Allegory Petri automata

Language recognised by an automaton

LY
 —
=
—

—~(O— /

b=
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Kleene Allegory Petri automata

Language recognised by an automaton
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Kleene Allegory Petri automata

Language recognised by an automaton

o [ O\D

be
a b C
—>
C
Success!

Paul Brunet Relation Algebra 27/50



Kleene Allegory Petri automata

Language recognised by an automaton

Language of A

L(A)={G | Aaccepts G}

Paul Brunet Relation Algebra 27/50



Kleene Allegory Petri automata

Language recognised by an automaton

Language of A
L(A)={G | Aaccepts G} J

Here: £(A) =G ((a-c*)nb~).

Paul Brunet Relation Algebra 27/50



Petri automata for Kleene allegories

Correctness
For any e € AReg(X),
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Correctness
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Petri automata for Kleene allegories

Correctness
For any e € AReg(X),
L (A(e))
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Petri automata for Kleene allegories

Correctness
For any e € AReg(X),
L(A(e)) =G (e).

B. & Pous, Petri automata for Kleene Allegories, L/CS'15



Petri automata for Kleene allegories

Correctness
For any e € AReg(X),
L(A(e)) =G (e).

B. & Pous, Petri automata for Kleene Allegories, LICS'15

So far:
e, f € AReg(X)

Rel=eCf & “G(e) C YG(f) & L(A(e)) C LIA()).

~ PaulBrunet  Relation Algebra 28/50
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Restriction: identity-free Kleene lattice terms
G((a-b)n1): G(anb): G(TaT):

a




Kleene Allegory Comparing automata

Restriction: identity-free Kleene lattice terms

G((a-b)n1): G(anb”): G(TaT):
a b _)OOO_) o o 2 o ©
b

Identity-free Kleene Lattice

u,veWs = alu-v|unv

e, f € GReg(X) :=0 | alef|enf|euf]|e"

< Series-Parallel graphs & simple automata

Paul Brunet Relation Algebra 30/50



Decision procedure

e, f € GReg(X)

RelzeCf & “G(e) C¥6(f) & L(A(e)) € LIA()).

How to compare two simple Petri automata?

Problem: J

~ PaulBrunet  Relation Algebra 31/50



Kleene Allegory Comparing automata

Decision procedure

e, f € GReg(X)

Rel e Cf < “g(e) € G(f) & L(A(e)) € LIA(F)).

Problem:
How to compare two simple Petri automata?

L(A1) C L(Ay) if and only if there is a simulation relation
S CP(P1) xP(P2— Pr)

between the configurations of A; and the partial maps from the places of A, to
the places of Aj.

Paul Brunet Relation Algebra 31/50



Kleene Allegory Comparing automata

Simulations - non-deterministic finite automata

KC QL xP(Q)
b
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Kleene Allegory Comparing automata

Simulations - non-deterministic finite automata

<KC Q1 x P(Q)

po<{ a }
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Kleene Allegory Comparing automata

Simulations - non-deterministic finite automata

<KC Q1 x P(Q)

je]
S

VNN

o
T

Paul Brunet Relation Algebra
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Kleene Allegory Comparing automata

Simulations - non-deterministic finite automata

<KC Q1 x P(Q)

po<{ a }
pp=<{ ¢ }
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Simulations - non-deterministic finite automata

Paul Brunet

<KC Q1 x P(Q)

Relation Algebra

{ @ }
{ @}
{q2. qa}
{a}

+ condition
for  accepting
states

T T O
N = O
VNI N/ /N

=
o
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Simulation - Petri automata

Simulation relation
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Kleene Allegory Comparing automata

Simulation - Petri automata

Simulation relation

:Dl XP(PQ = Pl)

©

Cc

a C
|_|

b 2 U c
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Comparing Petri automata

Comparing simple Petri automata is ExpSpace-complete.

Theorem J

Proof.

ExpSpace easy: testing for the existence of a simulation can be done in
exponential space;

ExpSpace hard: reduction from the universality problem for regular expressions
with squaring.

]
B. & Pous, Petri automata for Kleene Allegories, L/ICS'15

Meyer & Stockmeyer, The equivalence problem for regular expressions with squaring requires
exponential space, SWAT.'72
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Theorem

Comparing simple Petri automata is ExpSpace-complete.

Proof.

ExpSpace easy: testing for the existence of a simulation can be done in
exponential space;

ExpSpace hard: reduction from the universality problem for regular expressions
with squaring.

U
B. & Pous, Petri automata for Kleene Allegories, L/ICS'15

Meyer & Stockmeyer, The equivalence problem for regular expressions with squaring requires
exponential space, SWAT.'72

Corollary

Relational equivalence for Identity-free Kleene lattices is decidable.
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Kleene Theorems Kleene theorem for simple Petri automata

Trace language of an automaton

°< i C T
b
Trace language of A
Tr (A) = {G | G is the trace of an accepting run in A} J

Here: 7r (A) = G ((a- cT) N b).

Paul Brunet Relation Algebra 36/50



R Kieene Theorems || Kleene theorem for simple Petri automata
Traces, languages and expressions

Lemma
If Ais only labelled with X,

L(A) = *77 (A).

Fact
e € GReg(X), }

7r(A(e)) = G (e).

S e ey =73
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Kleene Theorem

Definitions
A set of SP graphs G is:
regular if there is an expression e in GReg(X) such that G (e) = G;
recognisable if there is a simple Petri automaton A such that 7r (A) = G.
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Kleene Theorems Kleene theorem for simple Petri automata

Kleene Theorem

Definitions
A set of SP graphs G is:
regular if there is an expression e in GReg(X) such that G (e) = G;
recognisable if there is a simple Petri automaton A such that 7r (A) = G.

Theorem

The class of regular sets of graphs coincides with the recognisable sets of graphs.

Proof.

» Expressions to automata: inductive construction;
B. & Pous, Petri automata for Kleene Allegories, LICS'15
» Automata to expressions: next slide.

O

Paul Brunet Relation Algebra 38/50
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Kleene Theorems Kleene theorem for simple Petri automata

From automata to expressions

OQ:
©

7 (A) <o<—1 1 1 , 1 :u<<—1 1—’\0
0 f = 0—p- : . <+—f
b b —

®

{0}

©
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Kleene Theorems Kleene theorem for simple Petri automata

From automata to expressions

-

a
Tr (A
o 7 (A) — 0_>< . U
b 2 2 2

o<4—2

(a-c*nb)t-((a-ct)ynb)u(a-ctnb)

(With some effort...)
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Kleene Theorems Kleene theorem for simple Petri automata

From automata to expressions

OQ:
©

7 (A) D/<o<—1 1 1 , 1 >u<<—1 1—’°\CA°
0] f = 0—p- . . <—f
b b —

o<4—2 2 2 2

(a-c*nb)t-((a-ct)ynb)u(a-ctnb)

Result
E(A)=(a-c*nb)" ((a-ct)nb)u(a-ctNb)
7r (A) = G (£ (A))

Paul Brunet Relation Algebra 39/50



Outline

|. Introduction
Motivation & Context
Kleene Algebra
Extensions

Il. Kleene Allegory
Terms and graphs
Petri automata
Comparing automata

IIl. Kleene Theorems
Kleene theorem for simple Petri automata
» Kleene theorem for general Petri automata

V. Other extensions



Relationship between 77 (A) and £ (.A)

® : graphs over ¥’ — graphs over .
a b~




Relationship between 77 (A) and £ (.A)

® : graphs over ¥’ — graphs over L.

a b~
1
a b
s
1

~ PaulBrunet  Relation Algebra 21/50



Relationship between 77 (A) and £ (.A)

® : graphs over ¥’ — graphs over L.

a b~
1
a b
s
1

41/50



Kleene Theorems Kleene theorem for general Petri automata

Relationship between 7r (A) and £ (A)

® : graphs over X’ — graphs over X.

a b~
1
a b
e
1
a b
L
o——o0——>
1
A
c
b o— >0—>
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Kleene Theorems Kleene theorem for general Petri automata

Relationship between 7r (A) and £ (A)

® : graphs over X’ — graphs over X.

1
a b
e
1
a b
L
o——o0——>
1
g
c
b o— >0—>

Lemma

L(A) = (77 (A)).

Paul Brunet Relation Algebra

41/50
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e, f € GReg(X) :==0
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From AReg(X) to GReg(X')

l]lalef|lenf|eUuf]|e |e | T
alef|enf|euf|et

Y=yuU{a |aeT}uU{L,T}.

e=(a-b")"UT
=(a-(1ubh)) UT
= (1 U (b“)+> -a”UT € GReg(X)

= p(e) .
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N CCURIL U CUCRN  Kenetheoremforjgeneral Betrantomata I
From AReg(X) to GReg(X')

l]lalef|lenf|eUuf]|e |e | T
alef|enf|euf|et

Y =xu{a  |aeZ}uU{L T}.

e=(a-b")"uUT

=(a-(1ubh)) UT

= (1 U (b“)+> -a~ UT € GReg(¥')

= ¢(e) .
© : AReg(X) — GReg(X")
Lemma

6z (€) =  (6x (¢ (e))).. J
~ PaulBumet  Relation Algebra 42/50




Correspondences
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N

Graphs(X)

S e ey e



Correspondences

AReg(X —’ GReg(X'")

A

Graphs(%) (— Graphs(X') (— Petri Automata

N

Graphs(X)

S e ey e



Correspondences

AReg(X —’ GReg(X'")

A

Graphs(%) (— Graphs(X') (— Petri Automata

N

Graphs(X)

S e ey e



Kleene Theorems Kleene theorem for general Petri automata

Kleene Theorem

Let G be a set of graphs labelled with X.

Theorem
G is the language recognised by a Petri automaton if and only if it is the closed
graph language of an expression.

Corollary

The equational theory of bounded Kleene allegories is decidable if and only if the
comparison of general Petri automata is decidable.

Paul Brunet Relation Algebra 44/50



. Condwsion
Overview

Results
» Reduction of relational equivalence to equality of closed graph languages.



http://perso.ens-lyon.fr/paul.brunet/rklm

. Condwsion
Overview

Results
» Reduction of relational equivalence to equality of closed graph languages.
» Representation of closed graph languages through Petri automata.

~ PaulBrunet  Relation Algebra 45/50


http://perso.ens-lyon.fr/paul.brunet/rklm

Conclusion

Overview

Results
» Reduction of relational equivalence to equality of closed graph languages.
» Representation of closed graph languages through Petri automata.
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v

Simple Petri automata equivalence is ExpSpace-complete.

This decision procedure was implemented in OCaml, and is available online:
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v

Simple Petri automata equivalence is ExpSpace-complete.
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Conclusion

Overview

Results

>

>

>

Reduction of relational equivalence to equality of closed graph languages.
Representation of closed graph languages through Petri automata.

Decidability of simple automata equivalence, thus of relational equivalence
for Identity-free Kleene lattices.

Simple Petri automata equivalence is ExpSpace-complete.
Kleene theorem for simple Petri automata and GReg(X) expressions.

Kleene theorems for general Petri automata and AReg(X) expressions.

This decision procedure was implemented in OCaml, and is available online:
http://perso.ens-1lyon.fr/paul.brunet/rklm.

Paul Brunet Relation Algebra 45/50
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o Otheredtensions
Kleene Algebra with converse

efi=0]1]a| e f | euf]e |e.

Theorem

Deciding the equational theory of Kleene Algebra with converse is
PSpace-complete.

v

Bloom, Esik & Stefanescu, Notes on equational theories of relations, 1995

v

Esik & Bernatsky, Equational properties of Kleene algebras of relations with conversion,
TCS'95

» B. & Pous, Kleene Algebra with Converse, RAMIiCS'14

v

B. & Pous, Algorithms with Kleene Algebra with Converse, 2016
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Deciding the equational theory of Kleene Algebra with converse is
PSpace-complete.

v

Bloom, Esik & Stefanescu, Notes on equational theories of relations, 1995

v

Esik & Bernatsky, Equational properties of Kleene algebras of relations with conversion,
TCS'95

» B. & Pous, Kleene Algebra with Converse, RAMIiCS'14
> B. & Pous, Algorithms with Kleene Algebra with Converse, 2016

The decision procedure was implemented in OCaml, and is available online:
http://perso.ens-1lyon.fr/paul.brunet/kac
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o Otheredtensions
Nominal Kleene Algebra

T4 X | X4y ; y <+t

B. & Pous, A formal exploration of Nominal Kleene Algebra, MFCS'16
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Nominal Kleene Algebra

t 4+ X ; X4y ; y<+t
tx Xy yt
t|wvi t| w t|wv t|wvi t|wv t|lwv
X | X | W X | X | V3 X | X |
Y| ivsj|ly|v Y| vj|ly|w Y iwj|lylwu

B. & Pous, A formal exploration of Nominal Kleene Algebra, MFCS'16
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Nominal Kleene Algebra

t+ X ; X4y ; y <+t

tx o Xy o yt
t|wv t| v
X | Vo X| V3
Y| y v

B. & Pous, A formal exploration of Nominal Kleene Algebra, MFCS'16
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Nominal Kleene Algebra

local var t in{ t x : X4y ; yt }
tx ° xy ° yt
t|wv t|w
X | v X | V3
Y| y |

B. & Pous, A formal exploration of Nominal Kleene Algebra, MFCS'16
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Nominal Kleene Algebra

local var t in{ t x : X4y ; yt }
(vt. tx ° Xy ° yt )

el o o) T

y|v Vv, v Y|V

B. & Pous, A formal exploration of Nominal Kleene Algebra, MFCS'16
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Nominal Kleene Algebra

local var t in{ t <+ x : X4y ; y+t }
(vt. tx ° Xy ° yt )

el o o) T

y | wv Vv, v Yy

B. & Pous, A formal exploration of Nominal Kleene Algebra, MFCS'16
Developed using the proof assistant Coq (~ 9000 lines of proof script).
http://perso.ens-1lyon.fr/paul.brunet/nka
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S
That's all folks!

Thank you!

See more at:
http://perso.ens-1lyon.fr/paul.brunet


http://perso.ens-lyon.fr/paul.brunet
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